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A b s t r a c t
This thesis aims to provide a basic theoretical explanation for the 
oscillatory motions observed in solar quiescent prominences.
The prominence is treated as a simple plasma slab embedded in a 
hotter and rarer uniform  coronal plasma. Both the slab and its 
environment are permeated by a uniform magnetic field. The field lines 
are anchored at rigid walls placed on either side of the plasma slab and 
representing the photospheric line-tying effect. The magnetohydrodynamic 
modes of oscillation of the plasma slab are then examined for different 
orientations of the magnetic field with respect to the long axis of the slab.
Particularly interesting in this study is the appearance of the ’string 
MHD' modes that are analogous to the fundamental vibrations of a mass- 
loaded stretched elastic string. Such modes appear whenever the magnetic 
field vector is inclined to the long axis of the slab, thus producing a 
magnetic field component in the direction transverse to the axis of the 
slab. Observationaily, this inclination of the field is generally small.
For realistic values of the angle of inclination of the magnetic field 
lines, the ’string Alfven' mode and an 'internal slow' mode yield periods in 
the range 1/2-2 hr. These modes may correspond to the observed long 
p e r io d  (40 -90  m in u tes)  o sc i l la t io n s  in q u ie sc e n t  p ro m in e n ce s .  
Intermediate periodicities, in the range 8-20 min, may be associated with 
an 'internal Alfven' mode and a 'fast string' mode of the prominence slab. 
The observed short periodicities, in the range 2-5 min, may correspond to 
an 'internal fast' mode in prominences.
Having thus established a foundation for the theoretical modelling of 
prominence oscillations in terms of the magnetohydrodynamic modes of 
oscillation of a non-gravitating plasma slab, we discuss several factors, 
such as the effects of gravitational stratification, the curvature of the 
magnetic field lines, and the fine-structures in a prominence, that may 
com plicate  a description of its oscillatory modes. Some prelim inary 
investigations of simple magnetohydrostatic equilibrium models suggest 
that gravity and the curvature of the magnetic field lines play only a 
secondary role in determining the periods of the oscillatory modes in 
prominences, the basic structure of the modes being similar to that present 
in simple slab models.
Chapter I 
I n t r o d u c t i o n
This in troducto ry  chap ter aims to provide a general background  
knowledge of (i) solar prominences, and (ii) the waves and oscillations in a 
magnetohydrodynamic medium. We also present a brief summary of the 
observations of oscillatory motions in quiescent prominences, discuss the 
importance of the study of these oscillatory motions, and give an account 
of some of the earlier attempts to develop theoretical descriptions of these 
oscillations.
1.1 Solar Prominences
1.1.1. G e n e ra l  d esc r ip t io n  and  classifica tion: 'Solar prominences are
of great interest in their own right and are of wider importance both for 
solar physics and for many areas of astrophysics. Their basic properties 
are not well understood at all, but they may be crucial for the mass and 
magnetic flux balance of the solar corona. Also they mark out large scale 
magnetic polarity inversion lines in the photosphere, as well as the cores of 
large scale magnetic arcades in the corona. The eruption of a prominence 
often produces a coronal mass ejection and sometimes a large two-ribbon 
flare. As far as astrophysics as a whole is concerned, prom inences 
represent regions where magnetic fields are interacting with plasma in 
subtle ways, where dense plasma is being supported against gravity and 
where thermal instability is producing a cool condensation, and so by 
studying prominences in detail we can learn how these fundam ental 
processes are likely to operate elsewhere in the Universe.' (Priest, 1989).
For decades solar physicists have thus pondered over the beauty and 
the puzzles of solar prominences. Considerable progress has been made in 
collecting observational data and providing theoretical interpretations on 
the nature of prominences. Here we outline some of the im portant 
observed properties and theoretical models of solar prominences. More 
detailed descriptions can be found in the references given throughout the 
text, and in several excellent books and reviews on prominences (eg. 
Tandberg-H anssen, 1974; Priest, 1989, 1990; Hirayama, 1985, 1990;
Ballester and Priest, 1988; Zirker, 1989; Ruzdjak and Tandberg-Hanssen, 
1990; Rompolt, 1990; Demoulin, 1991).
Prominences are most simply described as cool and dense plasma 
material that is in suspension against the gravitational forces in the solar 
corona. They possess a temperature of about a hundred times lower than 
coronal values and densities are about a hundred times greater than 
coronal values. Seen against the solar disk they look like dark filaments, 
while projected onto the sky they appear as bright objects on the solar 
limb. They have been classified morphologically in several different ways 
(eg. Secchi, 1875; Young, 1896; Pettit, 1925, 1932, 1936, 1943, 1950; 
Newton, 1934, 1935; Menzel and Evans, 1953; Severny, 1954, 1959; 
Severny and Khokhlova, 1953; De Jager, 1959; Zirin, 1966), but there 
appear to be two basic types, namely, active  and quiescen t  prominences ; 
cf. Secchi (1875), Newton (1934, 1935), Zirin (1966), Tandberg-Hanssen, 
(1974), Priest (1982), Hirayama (1985).
Active prominences are located in active regions (ie. regions of the 
chromosphere and corona that have strong re-entrant magnetic fields) and 
are usually associated with solar flares. They are dynamic structures with 
violent motions and have life-times of only minutes or hours. The highly 
dynamic nature of active prominences makes them difficult to observe 
with high resolution and even more difficult to model theoretically.
Quiescent prominences are long-lived; they can exist for months 
(several solar rotations). They always form gradually over a neutral line 
separating regions of opposite line-of-sight magnetic polarity  in the 
photosphere. In the course of a prominence's life-time, its global structure 
remains virtually unaltered, though the small-scale structures may change 
in tens of minutes (eg. Engvold, 1976, 1978). As time proceeds, the 
quiescent prominence is mostly observed to start rising slowly to higher 
altitudes, and finally ending its life in a violent upward eruption. This 
eruption may create a solar flare, or the erupting prom inence may 
suddenly d isappear (commonly referred to as 'd ispartition  brusque ') 
creating a large coronal mass ejection.
In this thesis, we consider quiescent prominences only. We first look 
at some of the observational results concerning im portant physical 
properties, such as density, temperature, size, structure, and magnetic field 
strength in quiescent prominences.
1 .1 .2  C h a r a c t e r i s t i c  p r o p e r t i e s  of q u ie s c e n t  p r o m in e n c e s :  A
quiescent prominence is a thin, vertical slab of dense material often linked 
to the solar surface by several feet. The prominence slab is typically of
length 2 10^ km, height 5 10^ km and width of about 5000-10,000 km (eg. 
Tandberg-Hanssen, 1974; Priest, 1982). The observed properties of the 
p lasm a and the m agnetic  field in quiescent p rom inences are well 
summarized in the reviews by Tandberg-Hanssen (1974), Hirayama (1985, 
1990), Leroy (1989), Priest (1989, 1990), Schmieder (1989), Zirker 
(1989), Kim (1990), Rom polt (1990), Dem oulin  (1991). The most 
convenient reference for a prominence-theorist is, perhaps, the summary 
presented by Jensen and Wiik (1990). Following a brief tabular summary 
of the observed parameters by Engvold et al. (1990, Hvar Reference 
Atmosphere of Quiescent Prominences), Jensen and W iik tabulate the 
upper and lower bounds of most of the important physical parameters in 
q u ie s c e n t  p ro m in e n c e s .  T h ese  b o u n d s  are d e te rm in e d  e i th e r  
observationaily or theoretically. In Table 1.1, we reproduce their results 
for physical quantities that prove necessary for theoretical modelling in 
the subsequent chapters.
T able  1.1. Upper and lower limits o f  quiescent prominence parameters
Param eter (units) Prominence centre Prominence edge
Temperature (K) 4 3 0 0 - 8 5 0 0 8 0 0 0 - 1 2 0 0 0
Density (gcm"^) 2 10’ ^4-2 10“^^ 7 10-14
Magnetic field (G) 4 -2 0 4 - 2 0
Mean molecular 0 .6 -0 .9 0 .9
w e ig h t
Gas pressure (cgs) 0 .1 -2 2 10-2
P la sm a -b e ta 6 10“3 - 3 (1-30) 10-3
The summary provided by Jensen and Wiik (1990), presenting the 
range of measured magnetic field strength in prom inences, does not 
however include information regarding the orientation of the field. Such 
information can be found in the observations of Harvey (1969), Tandberg- 
Hanssen and Anzer (1970), Leroy (1979, 1989), Leroy et al. (1983, 1984), 
Athay et al. (1983a, b), Querfeld et al. (1985), Bommier et al. (1985a,b), 
Kim (1990) and Kim et al. (1988). These works have confirmed that the 
m agnetic field vector in a quiescent prominence is inclined to the 
horizontal plane by a small angle, of the order of 10° or smaller; also, the 
angle between the magnetic field and the long axis of the prominence also 
appears to be small, lying somewhere around 20°.
W e end this subsection with a few comments on the fine-scale 
structures observed in prom inences. Such fine structures of various 
densities and temperatures have been detected in quiescent prominences 
by Dunn (1959, 1960), Engvold (1976, 1978), Engvold et al. (1989); 
Hirayama (1986), Zirker and Koutchmy (1990) and Chiuderi-Drago et al. 
(1992); see recent review by Heinzel and Vial (1992). Both vertical and 
(field-aligned) horizontal thread-like structures are observed. Diameters 
of these threads are generally estimated to be a few hundred kilometers (< 
200 km, according to Zirker and Koutchmy, 1990), but such estimates are 
uncertain due to the limitations imposed by instrumental resolution and 
'atmospheric seeing'. In fact, a thread diameter as small as ten kilometers 
can not be ruled out (Hirayama, 1986). Recently, Yi Zhang and Engvold 
(1991) and Yi Zhang et al. (1991) have also resolved the field-aligned fine 
struc tures  in the velocity  and in tensity  osc illa tions in qu iescen t 
prominences (see a review of prominence oscillations given below).
Poland and Mariska (1986), Demoulin et al. (1987); Priest et al. 
(1991) have discussed a number of mechanisms for the formation of 
prominence fine structure. Recently, Van der Linden (1993, see also 
Demoulin et al. 1987) has shown that the formation of the field aligned 
structures can be explained in terms of radiative instability (Field, 1965), 
if the thermal conductivity perpendicular to the magnetic field is included. 
Similar length scales of condensation can also be obtained by including 
electrical resistivity in the calculations (Ireland et al. 1992).
1.1.3. P ro m in en c e  m odels: The observed flows (<3 kms"^) in quiescent 
prominences are much smaller than their free-fall speed (gh)^^^ of about 
100 kms"^ (Engvold, 1976; Mein, 1977; Martres et al. 1981). With a few 
exceptions (eg. Pikelner, 1971; Kuijpers, 1989), most of the prominence 
m odels are therefore  m agnetohydrosta tic  equilibrium  m odels, where 
gravity is exactly balanced by the magnetic pressure and curvature force 
associated with the field lines surrounding and threading the prominence.
Most of the prominence models proposed so far can be classified into 
two groups, namely, normal and inverse  polarity models (eg. Anzer, 1979, 
1989; Hirayama, 1985; Leroy, 1989) . In the first group, the magnetic 
polarity in the prominence is the same as the polarity of the underlying 
photosphere, whereas the opposite is true for the second group. The 
former group generally represents the low latitude prom inences near 
active regions. On the other hand, the second group mostly represents the
high latitude polar crown prominences, cf. Athay et al. (1983b), Leroy et al. 
(1983, 1984), Bommier et al. (1985a, b). The Kippenhahn-Schluter (1957) 
model is a typical normal polarity type, whereas, the Kuperus-Raadu 
(1974) model is a typical example of an inverse polarity prominence.
The first mathematical model of a prominence-type equilibrium was 
given by Menzel (1951). This simple model has several serious drawbacks, 
notably that it is isotherm al, it  does not include a magnetic field 
component along the prominence axis (as in the case of many other 
models), magnetic field lines are periodic around the prominence, and also, 
in its original form, it predicts a height for the prominence that is much 
shorter than its observed height. This model has recently been generalized 
by Hood and Anzer (1990), who have included both the internal and the 
external structure of the prominence as well as a magnetic field component 
along the prominence axis. The resulting normal polarity prominence 
model yields reasonable agreement with prominence conditions. Menzel's 
model is, however, interesting due to its mathematical simplicity. We 
examine this model more closely in a later chapter.
The best know n norm al po larity  prom inence  m odel is the 
Kippenhahn-Schluter (1957) model. Here the prominence is modelled by 
an infinitely thin current sheet, residing in a coronal magnetic arcade that 
has a dip at its top, where the prominence plasma is supported against 
gravity by m agnetic curvature forces. Both the internal prom inence 
structure and an external potential magnetic field were calculated. In the 
original model, the current sheet representing the prom inence was 
assumed infinite, but in a later extension Malherbe and Priest (1983) 
introduced the effect of finite height. The resulting equlibrium then looks 
similar to Fig. 1.1 (a). Modifications to the basic Kippenhahn-Schluter model 
have also been done by Poland and Anzer (1971), Anzer (1972), Low 
(1975a,b; 1981), Aly and Amari (1988) and Demoulin, Malherbe and Priest 
(1989). Attempts to include thermal equilibrium condition into the the 
basic model have also been carried out, see Poland and Anzer (1971), 
Heasley and Mihalas (1976), Lerche and Low (1977) and Milne et al. 
(1979).
The basic inverse polarity model is due to Kuperus and Raadu 
(1974). They suggested that the prominence forms in a current-sheet of an 
open field line configuration (an essentially  vertical field, changing 
direction through the current sheet). The prominence is represented by a 
line current I at a height h above the photosphere, and is supported
against gravity by repulsion between I and an induced mirror current -I at 
depth h in the photosphere. This leads to a geometry as in figure 1.1(b). 
Genaralizations and modifications of this basic model have been done by 
Malherbe and Priest (1983), Anzer (1984), and Amari and Aly (1989,
1990).
Am ong the various other models of qu iescen t p rom inences, 
particularly interesting is a twisted flux tube model (an inverse-polarity 
prominence model), that has been recently proposed by Priest, Hood and
Anzer (1989). In this model, the prominence sheet is considered to reside 
in a nearly force-free flux-tube with its mass being supported by the
twisted field lines, that are concave upward below the prominence, see Fig.
1.1(c). Only the solution for the external field structure has been given so 
far. Attempts to incorporate the field structure inside the prominence 
sheet is in progress.
Only a very brief overview of the prominence models are given in 
this subsection. More detailed discussion on this subject can be found in 
the recent reviews by Anzer (1989) and Priest (1990).
1.2 Observations of prominence oscillations
1.2.1. Im p o r ta n c e  of the  study  of p rom inence  osc illa t ions:  In the
previous section, we described various equilibrium models that are
proposed  for the s tructure  of solar quiescent p rom inences. The 
mathematical elegance of these models is unquestionable, although they 
have not so far been proved entirely sufficient for our understanding of 
the structure of solar prominences. A wide range of such mathematical 
models are now available, but only a very few of them incorporate the 
magnetic field along the prominence axis and describe both the internal 
magnetic field and its coupling to the bipolar coronal field in a satisfactory 
way. Moreover, the stability properties of only a fraction of these 
equilibrium models have been critically studied (eg. Brown, 1958; Anzer, 
1969; Zweibel, 1982; Migliuolo, 1982; Galindo-Trejo, 1987, 1989a,b;
Galindo-Trejo and Schindler, 1984; De Bruyiie, 1990) and whenever such a 
study is undertaken, it is found that even an apparently satisfactory model 
is either unstable against small perturbations, or is stable only for a very 
restricted choice of parameter values (see, for example. De Bruyne (1990) 
for an exam ination  of Low (1981) and Hood and A nzer (1990) 
p rom inences) .
Ccj>
Schematic diagrams of (a) Kippenhahn-Schluter (b) Kuperus-Raadu and (c) Priest, Hood and Anzer (1989) prominence models.
It may, in any case, be admitted that the mathematical modelling of 
prominence equilibria is rather indirect a way to obtain information about 
the conditions that prevail in solar quiescent prominences. Fortunately, 
with the discovery and detailed study of prominence oscillations, there 
arises a hope that we may, in future, have a more direct means of 
obtaining diagnostic  inform ation  about the physical conditions and 
magnetic structure in prominences and their coronal environment, much 
as helioseismology is giving us information about the internal structure of 
the Sun (see reviews on helioseismology in Deubner and Gough, 1984; 
Leibacher et al. 1985; Christensen-Dalsgaard, 1989). The observation of 
prom inence oscillations is, of course, still in its infancy. Only the 
approximate orders of magnitude of the periods are confirmed and at this 
stage of development the duty of a prominence-theorist must therefore be 
to find out the basic physical ingredients in prominences, that go together 
to determine such periods. We will mainly be concerned with such a 
theoretical goal in this thesis.
1 .2 .2 . O s c i l la t io n s  r e l a t e d  to  s o la r  a c t iv i ty :  O sc il la tio n s  of
prominences, that are excited by the disturbances generated by solar 
flares had previously been identified in the so-called ‘winking filaments* 
(eg. Newton, 1935; Dodson, 1949; Dodson and Hedeman, 1964; Bruzek, 
1951, 1958; Moreton, 1960, 1965; Hyder, 1966; Ramsey and Smith, 1966; 
Kleczek and Kuperus, 1969). Observations of such flare-induced oscillations 
in quiescent prominences have been summarized by Tandberg-Hanssen 
(1974). The observed winking filam ents generally  show an in itia l 
receeding motion followed by one to four damped oscillations. Oscillations 
in both vertical or horizontal directions were observed. The frequency of 
such oscillations varies from one filament to another, and does not appear 
to relate to the importance of the flare. Ramsey and Smith (1966) observed 
a filament which was disturbed four times in a three day period, and each 
time it oscillated with essentially the same frequency. There is further a 
p referen tia l d irection , or ra ther a cone, in which the d isturbance 
propagates from the flare site. Filaments lying inside this cone as seen 
from the flare may be activated, those outside are not.
Aside from such winking phenomena in quiescent prominences, 
Malville and Schindler (1981) detected a period of 75 s, and Vrsnak ( 
1984) detected a period of 8 min in their observations of loop 
prominences. Recently, Vrsnak (1990a,b) and Vrsnak et al. (1988, 1990,
1991) carried out a detailed study of the structural and dynamical 
properties of some of the active loop prominences in their pre-eruptive to 
post-eruptive phases of evolution. Intermittent oscillations of a complex 
nature were detected during the post-eruptive phase of one prominence 
with their periodicities ranging from 4 to 9 minutes (Vrsnak et al. 1990). 
Such oscillations in loop prominences are essentially related to the process 
of activation of the prominence.
1.2.3. O sc il la tio n s  in s teady  qu iescen t p ro m in en ces :  In  t h i s
thesis, we are primarily concerned with the oscillations in quiescent 
prominences that are unrelated, at least directly, to flare events or the 
activation of prominences. Observations have been made to detect such 
oscillations in all of the line-intensity, line-width and the line-of-sight 
Doppler shift of certain emission or absorption lines in prominences. The 
periods of oscillation found in these observations, can broadly be classified 
into three groups (Joarder and Roberts, 1992a):
(a) long period oscillations with periods in the range 1/2-2 hr;
(b) intermediate periodicities in the range 8-20 min;
(c) short period oscillations with periods in the range 2-5 min.
Tables 1.2(a) -(c) summarize all the important observations pertinent to 
these three classes of oscillations in quiescent prominences; reviews 
of observational results can also be found in Tsubaki (1988) and 
Schmieder (1989, 1990).
We may also note some of the special features that characterize some 
of the observations m entioned in Tables 1.2(a)-(c). For exam ple , 
Bashkirtsev and Mashnich (1984) reported that the observed long period 
velocity oscillations in prominences seem to arise due to a helical motion 
along the axis of a magnetic flux-loop. In their recent observations, these 
authors obtained a complicated, highly time-dependent, and quasi-periodic 
variation for oscillation frequencies below 1 mHz (M ashnich and 
Bashkirtsev, 1990). In some power spectra of velocity oscillations in 
quiescent prom inences, Balthasar et al. (1986) obtained broad power 
humps around 5 min and 3 min that resemble the power spectra of the 
well-known photospheric and chromospheric oscillations (eg. Leibacher
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T ab le  1.2(a). Observations made to detect long period oscillations in
A u th o rs Year of 
p u b l ic a t ­
ion
Spectral
line
chosen
In te n s i ty L ine-
w id th
Velocity
Landman et al. 1977 Hel Dg 22, 31 
m in
22 min No
Bashkirtsev et al. 1983 Hp No - 77, 82m i n
Bashkirtsev and 
M ashnich
198 4 Hp No 4 2 - 8 2  
m in  
(+.2 -6
kms"^)
Wiehr et al. 1 9 8 4 Ha No 5 0 -6 4
m in
(± 1 -2
k m s '^ )
Balthasar et al. 1986 H a No - 48 min
Balthasar et al. 1988a ,b Ha, Ca+H, 
He
- - 4 0 - 8 0m in
Gheonjian et al. 1990 Ha - - 40 min
Mashnich and 
B ash k ir tsev
1990 HP — — 2 3 - 1 1 4  m in  
(.2-.3
k m s '^ )
and Stein, 1981) around these frequencies. In their m agnetographic 
observations, Gheonjian et al. (1990) found periodic oscillations in all of the 
line-intensity, line-width and the Doppler shifted line-centre fluctuations, 
and also in the valuations of the line-of sight magnetic field component in 
prominences. They suggested, however, that only the fluctuations of the 
Doppler velocity may be of solar origin, while the periodic variations 
produced in other quantities may be caused by some wave phenomena in 
the terrestrial atmosphere. Tsubaki and Takeuchi (1986) and Tsubaki et al. 
(1987) conjectured that the intermediate to short period oscillations may 
be associated with particular structural parts of the prominence. Similar 
conclusions have also been drawn in the recent observations by Balthasar 
et al. (1988a, b), Thompson and Schmieder (1991), Yi Zhang and Engvold 
(1991), and Yi Zhang et al. (1991). Yi Zhang and his collaborators could
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even resolve the fibril structures in prominences in both the Hel 1 10  8 3 0Â 
line-intensity and Doppler shift fluctuations. These authors further suggest 
that the intensity fluctuation lags behind the velocity fluctuation by a time 
that is approximately 1/3 of the oscillatory period.
T ab le  1.2(b). Observations made to detect intermediate periodicities  in 
pro m in en ces .
A u th o rs Year of Spectra l In te n s i ty  L ine-  
P ub lica t-  line w id th
ion chosen
Velocity
Malherbe et al. 
Malherbe et al.
Tsubaki et al.
Balthasar et al. 
Yi Zhang et al.
Yi Zhang and 
Engvold
1981
1987
Ha
Ha,
A.1548A
CIV
1987  Call K
19 88a ,b  Ha, Ca**"H, 
He
No
No
No
1991
1991
Hel
A.10830A
12 min
Hel q u as i-
;^10830Â periodic  
va ria tion
No
No
No
10 min 
(±2-3
k m s “^) 
7-20 min
9-16 min 
(±0.5 
k m s “ )^
9, 14, 22 
m in
These special features of the observations of prominence oscillations 
aie here mentioned only to keep a faithful recording of the observational 
results that may prove useful for future reference. These features are not 
well confirmed yet and it would therefore be unwise to attempt to 
incorporate all these detailed aspects in our theoretical modelling. Only the 
orders of magnitude of the periods of these oscillatory motions in 
prom inences seem to be well confirmed, as can be seen from the 
observational results displayed in Tables 1.2(a)-(c).
In this thesis, we therefore propose to explain the basic 
timescales observed in prominence oscillations, considering the periods of 
the global magnetohydrodynamic modes of oscillation of prominence-like
12
T ab le  1.2(c). Observations made to detect short period  oscillations in 
prominences ._____________________________________________________________
A u th o rs Year of Spectral In te n s i ty  
Pub lica t-  line
ion chosen
L in e -  V elocity  
w id th
Engvold 1981
Malherbe et al. 1981
Wiehr et al. 19 84
Tsubaki and 19 86
T akeuch i
Balthasar et al. 19 86
Malherbe et al. 19 87
Tsubaki et al. 19 87
Balthasar et al.
Gheonjian et al.
Mashnich and 1 9 9 0
B ash k ir tsev
Thompson and 19 91
S chm ied er
Yi Zhang et al. 19 91
Call K
H a
H a
Call K
H a
Ha,
A.1548A 
CIV 
Call K
19 88a ,b  Ha,Ca+H, 
He
1 9 9 0  H a
HP
Ha
Hel
; i l0 8 3 0 A
No
No
No
No
No
No
2 4 0 s
(w eak)
No
No
5 min
No
No
3,5 min 
(± .2 
k m s '^ )  
2 1 0 -  
240s (± 2 
kms"^) 
2 1 0 -  
400s (± 2 
k m s - 1 ) 
No
160s 
(± .8-1.4 
kms"^) 
3, 5 min, 
1 10s 
5-6 min
No
150, 200, 
250s (±1
k m s ”^)
5 min
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L3 Magnetohydrodynamic waves
1.3.1 . B asic  e q u a t io n s :  The macroscopic state of an energetically
isolated, perfectly conducting fluid in a magnetic field is generally 
described  by the single-flu id , ideal m agnetohydrodynam ic (MHD) 
equations (eg. Alfven, 1950; Cowling, 1957; Roberts, 1967; Parker, 1979; 
Priest, 1982). For the static equilibrium (steady) state of a gravitationally 
stratified fluid, these MHD equations take the following forms.
The magneto-hydrostatic force balance equation is:
-Vpo - P o g z  + ^ ( v  X B q )  X Bo = 0, (1.1)
structures.The equilibrium models we consider are essentially simple and 
leave out many important factors, such as gravity and fine structure, that 
are present in real prominences. This simplicity of our model allows us to 
obtain analytical expressions for the order of magnitude estimates of the 
periods of oscillations. Moreover, it enables us to draw on analogies with 
the modes of vibration of some classical oscillatory systems, thus providing 
an insight into the physical nature of the modes. The order of magnitude of 
the periods we calculate are expected to be unchanged even in the case of 
more realistic prominence models, although precise numerical values may
alter somewhat in these more complex situations. Our calculations with
simple prominence models are therefore offered in the hope that they will 
serve as useful guides even in such complicated and (presumably) entirely 
num erica l ca lcu la tions  for the modes of osc illa tion  of rea lis tic  |
magnetohydrostatic prominence equilibria.
B efo re  we p roceed  fu r th e r  with our d isc u ss io n  of the 
m agnetohydrodynam ic  modes of oscilla tion in p rom inences, it is 
convenient to summarize the important properties of MHD waves in a |
uniform medium, and also highlight some of the important works that |
have been done on the applications of the MHD wave theory in more |
complicated inhomogeneous plasmas as are commonly found in both solar j
and astrophysical situations. Only a brief overview is given in the following N
subsection. More detailed discussions on the recent advances in MHD wave |
theory can be found in the reviews by Roberts (1984, 1985, 1989, 1990a,b; |
1991a,b,c; 1992). ']
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the divergence-free condition for the applied magnetic field is:
V . B o = 0 ,  (1.2)
and the adiabatic equation of state of the fluid is:
TpQ = constant . (1.3)
In (1.1)-(1.3), pQ (x,y,z), pQ (x,y,z) and BQ(x,y,z) are the pressure, density, 
and the magnetic field of the plasma in equilibrium, and y is the ratio of 
specific heat of the gas, whose value is taken to be 5/3 throughout in this 
thesis. The acceleration due to gravity, -gz , is taken as constant with the 
unit vector z pointing vertically upwards.
To investigate the propagation of linear hydromagnetic waves in 
such a fluid, we consider the linearized form of the MHD equations that 
represen t small am plitude perturbations about the equilibrium  state 
described in Eqs. (1.1)-(1.3). The linearized equations are as follows. The 
equations describing the conservation of mass, momentum and energy are
Bp• ^  + (v.V)po + Po(V.v) = 0, (1.4)
P o | 7 = - V p  + i;^('>-V)Bo + ^ ( B o .V ) b  - v ( ^ )  - p g î ,  (1.5)
a n d
| ^ + ( v . V ) p o - C s | ^ + ( v . V ) p o |  = 0. (1.6)
The induction equation is
Bt ~ ^  ^ ^ (1-7)
and the divergence-free condition for the perturbed magnetic field yields 
V . b = 0 .  (1.8)
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Here v = (v^ , v , v^) is the velocity perturbation, b = (b^, b , b^) is the
1/2magnetic field perturbation, C g (x ,y , z )  =  ( y p o ( x , y , z ) / p o ( x , y , z ) )  is the 
sound speed, and p and p are the perturbations in the gas pressure and the 
mass density, respectively, at time t. We are using the cgs system of units.
In the following, we consider the simplest case of an unstratified 
medium (g=0). We further assume that the medium is uniform (B^,  Pq and 
pQ are constants) and is of infinite extent in y and z-directions. For small 
amplitudes of the perturbations, we can also express the perturbations as 
the superposition of independent Fourier components or modes, each of 
which can be written in the form
Y(x,y,z,t) = Y(x) exp {icot + ik y + i k ^ z j . (1.9)
with CO being the frequency, and ky and being the y and the z 
components of the wavevector of the Fourier mode.
In terms of Fourier components, we can rewrite Eqs.(1.4)-(1.8) as
dp  I f  d 
‘“ Po^x = - d x  + 4 ^^[®0 x J ^ +  + 'Boz^z 4 k  j
1 ( diCOPoVy = -ikyP + —  iBoyky 4 iB^^k.
1 /  d A
i f o p o ^ z  =  - i M  +  ^  +  i B o y k y  +  i B o z k z  I  b z  "  i k .
\ rBQ.bAh , - ik.,y y/ I 4it J
Bg.b^
4îx
2P = CgP ,
i co bj ^ i k y ^ V j j B Q y  -  V y B Q  -  i k g . ^ ^ V g B ,
(  dv^ d \
icoby — Ik^^VyBQg, - v ^ B Q y j  - j
( 1.10)
(1.11a)
(1.11b)
(1.11c)
( 1.12)
(1.13a)
(1.13b)
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icob^ =
and
db
f  dv., dv_ ^
^Oxdx " dx  j  " ^ ^ (^ y ^ O z  " ^z^Oy)  ’ , (1.13c)
- ^ +  ikyby + ik^b^ = 0. (1.14)
1.3.2 M H D w avem odes in an  in fin i te ly  u n ifo rm  m ed iu m : For an
infinite medium, we can substitute ik^ for ^  , and write the magnitude of
/ 2 2 2 \l/2the total wavevector k a s k  = l k l = | k ^  "^^y  . Eqs. (1.10), (1.11),
(1.13) and (1.14) then become
cop + pQ(k.v) = 0, (1.15)
copQV = - kp  + ^ ( B Q .k ) b  - k(BQ.b), (1.16)
cob = k X (v X B q), (1.17)
and
k .b  = 0 .  (1.18)
Equations (1 .15)-(1.18), together with Eq.(1.12), allows three distinct types 
of hydromagne tic wavemodes for an infinite uniform medium. These
modes are (a) the A lfve n  m o d e ,  and (b) the ( s low  and f a s t )
magnetoacoustic modes.
(a) Alfven mode. Alfven waves are transverse (k .v=  0) in character. From 
Eqs. (1.15) and (1.12) we find that these waves are also incompressible
with p = p = 0. Taking the vector product of equations (1.16) and (1.17)
with the total wavevector k, we obtain (for Ik x vl ^  0)
.  (k.Bn)2 2 o^2 ___--------= k^v aCOS^O, (1.19)
4%Po
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Bgwhich is the dispersion relation for Alfven modes. Here Va = 71 TTTo isA (4%Po)^^
the Alfven speed and 0 is the angle subtended by the propagation vector k 
with the magnetic field B q. The Alfven waves have a constant field-aligned 
phase propagation speed given by the Alfven speed With the help of 
the dispersion relation (1.19), Eqs. (1.16) and (1.17) further yield
v . B o = 0  (1.20)
a nd
b
(4%Po) ÏViZ , ( 1.21)
show ing that the ve loc ity  perturbation v and the m agnetic fie ld 
perturbation b pertaining to the Alfven modes are in the same direction, 
both being perpendicular to the plane containing the wavevector k and the 
unperturbed magnetic field vector B q .
(b) Magnetoacoustic  modes. When k.v  it 0, elimination of p, p, and b from 
Eqs.(1.12) and (1.15)-(1.18) yields
co^v = Cgk (k.v) + {(k . BQ)a  - k( BQ. a)  }, (1.22a)
where we have written
a = (k.BQ)v - (k.v)BQ. (1.22b)
The scalar products of Eq.(1.22) with k and B q lead to the dispersion 
relation for the magnetoacoustic waves. This magnetoacoustic dispersion 
relation is
co^  - co^k^ (Cg+v^) -f k^Cg  ^ = 0 ; (1.23a)
we may rewrite this in the form
18
4 2,9 2 , 4 2 2  2^co  ^ - cû^k Cf + k Cg v^ cos'^0 =  0, (1.23b)
2 2
where Cj? = (Cg + is the so-called 'fast speed' of the medium. Eq.
(1.23) may be solved thus:
r  1 2 
2 = 2  ""f
r . 2  ^4 c p HI
'  1 ± 1- o cos^0 >
CfV
where c-p c«v8 :  A
(1.24)
is the 'cusp speed'. The two solutions in Eq.(1.24)
correspond to the fas t  and slow magnetoacoustic modes, respectively.
For propagation along the magnetic field, 0 = 0 and co  ^ = k^Cg, k^v^.
Propagation perpendicular (0=îr/2) to the field direction yields co^  = k^cj for
the fast mode and co^  = 0 for the slow mode. In fact, the field-aligned phase 
speed co/(kcos0) of the slow mode approaches the cusp speed Cp as 0 tu/2.
The slow waves, like Alfven waves, have therefore highly an isotropic 
propagation characteristics and cannot propagate across the magnetic field.
Fig. 1.2. The (a) phase speed and (b) group velocity of magnetohydrodynamic 
waves in the case v^ > Cg.
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On the other hand, the fast waves acquire their greatest phase-speed (Cf> 
Cg, v ^ )  when propagating across the field. These propagation characteristics
of the three MHD wavemodes are shown in polar form in Fig. 1.2, where 
we sketch both the phase speeds co/k and the group velocity C g=0co/0k  of 
the three MHD waves in the particular case v^  > Cg. In Table 1.3, we also 
reproduce a useful summary of the properties of these modes given by 
Roberts (1985).
T ab le  1.3. Properties of  the three MHD waves of infinite, uniform medium
W ave C ha rac teris tics
A lfven D riven  by ten s ion  forces; no p ressu re  or d ensity  v a ria tion s ;  
m otions transverse  to both the 
app lied  m agnetic  f ie ld  and the 
direction of propagation.
A n isotrop ic , unab le  to propagate 
across the field; energy flows along 
the field at the Alfven speed.
slow magnetoacoustic Driven by tension and pressure  forces ;  in v o lv es  p re s su re  and 
density variations; gas and magnetic 
p ressu re  va ria tion s  are out of 
phase .
A nisotrop ic , unab le  to propagate 
across  the f ie ld ; energy  f low  
confined to near the magnetic field.
fast magnetoacoustic Driven by tension and pressure  forces ;  in v o lv e s  p re s su re  and 
density variations; gas and magnetic 
pressure variations are in phase. 
R o u g h ly  i so tro p ic ,  p ro p a g a t in g  
fastest across the field.
Forms an orthogonal triad with the 
other two modes.
1.3.3 M H D  waves in inhom ogeneous m edia : The apparently simple 
picture of the MHD waves in an infinitely uniform medium becomes highly 
complicated whenever the plasma medium is inhomogeneous or the 
magnetic field strength is dependent on the spatial co-ordinates. In the 
general case of a continually structured magnetic plasma, the linearized 
magnetohydrodynamic equations possess regular mobile singular points
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that correspond to continuous spectra in MHD (eg. Appert et al. 1974; 
Adam, 1982, 1986; Goedbloed, 1983; Goossens et al. 1984, 1985). In fact, 
generally there are two continuous spectra, one associated with the 
Alfven wave ( Alfven continuum) and the other associated with the slow 
magnetoacoustic wave (cusp continuum), both of which share the property 
in a uniform medium of being unable to propagate across the magnetic 
field (see Table 1.3). Continuous spectra, therefore, signal an anisotropic 
behaviour in disturbances, with the component of motion perpendicular to 
the magnetic field behaving differently  from the com ponent in the 
direction of the field. Small spatial scales are rapid ly  built up in 
disturbances and efficient damping (with subsequent heating) is likely to 
take place (Roberts, 1992; see also detailed discussions in Sedlacek, 1971; 
Uberoi, 1972; Chen and Hasegawa, 1974; Rae and Roberts, 1982; Heyvaerts 
and Priest, 1983; Noccera et al., 1984; Lee and Roberts, 1986; Davila, 1987; 
Hollweg, 1987a,b, 1990; Grossmann and Smith, 1988; Hollweg and Yang, 
1988; Cally, 1991; Goossens, 1991; Goossens and Hollweg, 1993),
In several astrophysical situations, p lasma inhomogeneities in the 
magnetic fie ld appear in the form of we ll-defined, a lm ost d iscrete  
structures rather than a slow, gradual variation of the magnetic field and 
plasma density, such as in the case of the large scale structures in the solar 
coronal plasma. While studying such structures, it may sometimes be 
useful to ignore the large but finite variation of the magnetic field or the 
p lasma properties at the edges of these structures, and thus to consider 
their gradients to be infinite. The idea lized sharp ly discontinuous 
structures can then be subjected to a normal mode analysis, thus revealing 
some of the important properties of the global oscillations of these 
structures. Such investigations of the magnetohydrodynamic modes of 
oscillation of discrete magnetic plasma structures are the subject of 
considerab le interest in solar physics, see for example, the reviews in 
Roberts (1991b,c; 1992). An appreciable amount of work has therefore 
been done on the MHD oscillations of a single magnetic interface (eg. 
Wenzel, 1979; Roberts, 1981a; Uberoi, 1982; Somasundaram and Uberoi, 
1982; Joarder et al., 1987; Miles and Roberts, 1989), and the waves in a 
magnetic slab or a cylindrical tube (eg. Roberts and Webb, 1978,1979; 
Wilson, 1980; Uberoi and Somasundaram, 1980, 1982; Roberts, 1981b; 
Spruit, 1982; Edwin and Roberts, 1982, 1983; Rae and Roberts, 1983; 
Roberts, Edwin and Benz, 1984; Cally, 1985, 1986; Davila, 1985; Abdelatif, 
1988; Evans and Roberts, 1990a). We will discuss some of these results in
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Chapter II. The effect of gravitational stratification on the MHD modes has 
also been examined, either in a plane parallel atmosphere with a horizontal 
magnetic field (eg. Yu, 1965; Nye and Thomas, 1974, 1976a, b; Thomas, 
1982, 1983; Roberts and Campbell, 1986; Roberts, 1989; Campbell and 
Roberts, 1989; Evans and Roberts, 1990b, 1991; Miles and Roberts, 1992; 
Miles et al. 1992) or a vertical field (eg. Antia and Chitre, 1979; Zhugzhda, 
1979; Scheur and Thomas, 1981; Leroy and Schwartz, 1982; Zhugzhda and 
Dzhalilov, 1982, 1984a,b; Hasan and Sobouti, 1987; Hasan and Abdelatif, 
1990; Hasan and Christensen-Dalsgaard, 1992), or in a thin magnetic flux 
tube (eg. Defouw, 1976; Roberts and Webb, 1978, 1979; Webb and Roberts, 
1978; Spruit, 1981, 1982; Spruit and Roberts, 1983; Rae and Roberts, 
1982).
1.4. Elementary models of prominence oscillations
1.4.1. O sci l la tions  in loop p rom inences: We now briefly discuss some 
of the ear lier theoretica l models that were proposed to exp la in the 
periodicities observed in prominence oscillations. Most of these models 
were developed to explain either the oscillatory motions in active loop 
prominences, or to explain the so-called 'winking phenomenon', which is 
the oscillation excited in prominences by the disturbances created by a 
solar flare; cf. Section 1.2.2.
Among the theoretical models of the oscillations in cylindrical loop 
prominences, Mai ville and Schindler (1981) provided an explanation of an 
observed 75s periodicity  of the coup led torsional and long itudina l  
oscillations of an active prominence in terms of the marginally stable m= l 
kink mode (eg. Kruskal and Tuck, 1958; Spicer, 1979; Hasan, 1979; Hood, 
1985; 1990) in a current carrying, twisted flux tube. Also, Solovjev (1985) 
argued that the observed long period (about 1 hr, see Section 1.2.3) 
oscillations in quiescent prominences may also be due to the shear Alfven 
motions in a twisted flux rope supporting and surrounding the prominence.
A detailed and unified model of the oscillations, instability and 
eruption of active loop prominences is, however, provided by Vrsnak and 
his collaborators. Like Malville and Schindler (1981), these authors also 
calcu lated the stability properties of a twisted flux tube carrying an 
uniform line current at its centre (Vrsnak, 1984, 1990a,b; Vrsnak et al. 
1988, 1990, 1991), but including the effects of curvature of the flux tube 
and a lso the photospheric boundary conditions in their model. The
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predicted periods of oscillations (in the range 4 to 10 min) were found to 
be in good general agreement with the observations of oscillations in the 
pre-emptive or post-eruptive phase of a loop prominence (Section 1.2.3). 
In a rigorous analysis, Vrsnak (1990b) also showed that the prominence 
eruption is dependent on its height. Beyond a certain height of the loop 
prominence above the photosphere, some crucial physical parameters such 
as the twist in the flux-tube and the ratio of the total current to the total 
mass of the loop attain their critical values at which non-equilibrium sets 
in. This description of prominence eruption is in qua litative agreement 
with the observations of Zirin (1988, see also Demoulin and Vial, 1992), 
who concluded that virtually every prominence that rises above 50, 000 
km will erupt in 48 hours.
In this thesis we concen tra te  on the stab le  qu iescen t 
prominences that are traditionally thought to have a sheet-type structure 
rather than the twisted loop-type geometry considered by Malv ille and 
Schind ler, Solovjev and Vrsnak et al. The helica l structures seen
occasionally in H a  emission lines from quiescent prominences (Malville, 
1969; Anzer and Tandberg-Hanssen, 1970; Tandberg-Hanssen and Anzer, 
1970; see also Tandberg-Hanssen, 1974), which might be an indication of 
the existence of twisted flux loops, is often observed clearly in the erupting 
(or dispartition brusque) phase of such prominences (eg. Tandberg-
Hanssen, 1974; Wang, 1985; Kurokawa et al., 1987; Schmieder, 1989; 
Schmieder et al. 1985; Vrsnak, 1990a, b; Vrsnak et al. 1988) though rarely, 
if ever, observed in the stable, quiescent phase of a prominence (cf. Zirker, 
1989). It may be of some relevance to note that the recent giant flux tube
model of a prominence by Priest, Hood and Anzer (1989) (see section 1.1.3
and Fig. 1.1(c)) is an attempt to incorporate both the cylindrical and the 
sheath-like structure in a single model. In its stable phase, the giant flux 
tube supporting and surounding the prominence, is not visible because of 
the low density and, therefore, low emissivity of the flux tube. The flux 
tube structure of the magnetic field reveals itself only when increasing 
twist makes the prominence unstable and the prominence material fills up 
the flux tube in its erupting phase (Priest, 1990). The Priest et al. model 
will not be discussed further in this thesis. Apart from the mathematical 
difficulty of analyzing such a complicated model, it has a drawback in that 
it does not include the internal structure of the prominence sheet and only 
predicts a dip in the magnetic field geometry that supports the 
p rom in ence .
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1.4.2. M ode ls  of w inking  f i lam ents :  Quiescent prom inences may be 
set in damped oscillations due to the impact of shock waves generated by 
solar flares. Such oscillations may be either in the vertical or in the lateral 
direction, and are commonly referred to as the 'winking' phenomenon (cf. 
Section 1.2.2). W inking filaments have been investigated theoretically by 
Athay and Moreton (1961), Malv ille (1961), Anderson (1966), Hyder 
(1966), Meyer (1968), Uchida (1968, 1970) and K leczek and Kuperus 
(1969). Two principal models of such oscillations have thus emerged. They 
are: (a) model for vertical oscillations by Hyder (1966), and (b) model for 
horizontal oscillations by K leczek and Kuperus (1969). We briefly discuss 
these two models in the following.
(a) Model for  vertical oscillations. Hyder (1966) assumed that the vertical 
com ponen t of the supporting magnetic field of a prominence sheet 
increases due to a downward displacement 5z of the prominence according 
to the linear relationship
B 6z6B^ = - - ^ ,  (1.25)
with H « 10^  km being the height of the prominence. Under such a 
condition, the vertical oscillations of a prominence sheet of mass «
10^^ g can be described by the equation of motion of a damped harmonic 
oscillator, the frequency of which may be written as:
''osc 2% (1.26)
where K^ is the restoring force per unit length and is a damping constant |
due to the viscous forces in the ambient corona. In Eq. (1.26), the ratio 
K^/Mpj.Qj^^ can be expressed in terms of the tension force, which, under the
condition (1.25), takes the form
Kz rB/Y 1 -  - = ~   , (1.27)^ p r o m  V y ^Po
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with pQ « 10’^  ^ gcm"^ being the density inside the prominence sheet. The 
damping constant in Eq. (1.26) may be expressed in terms of the coronal 
coeffecient of viscosity t| as:
tiA
2M d •
Here, A«10^® cm ^ is the area of the large face of the prominence and d « 
10^ cm is an assumed distance perpendicular to A over which the magnetic 
shear exists in the coronal plasma (due to the vertical oscillation of the 
p rom inence).
Hyder substituted the observed values of « 10"^ s"^ and jy
« 10"^ s"^ in Eqs. (1.27) and (1.28) to obtain « lOG for the vertical
component of the magnetic field strength in the prominence, and q « 30 cgs
(dyne.s cm '^) for the coeffecient of viscosity in the ambient corona. To 
derive the value of the coronal magnetic field strength (B^) from the
oscillation data, Hyder further substituted the value of q in a formula (cf.
L in h a r t ,1 9 6 0 )
2
■n = 4.8 10-1^ 2 w , ■ (1.29)
BcTo'
For a coronal electron density n^^lO cm'^ and a coronal temperature Tg = 
10® K, Eq. (1.29) ultimately gives a value Bg=>.13G for the magnetic field 
Strength in the coronal environment of a prominence.
The coronal and prominence magnetic field strengths derived 
from Hyder’s model are far from the values that may be inferred from 
m odern observations. However, Hyder was the first to indicate the 
potential seismological value of the study of prominence oscillations.
It may be of some interest here to note that Roberts (1991c, see 
also Joarder and Roberts, 1992a) has suggested a simple analogy of the 
vertical oscillations of a prominence with the gravitational oscillations of a 
point mass that is supported by an elastic string of natural length Cq
and tension T q - Although viscous damping is not included in this model, it 
is essentia lly similar to the model proposed by Hyder (1966). In the 
following, we consider this model in some detail.
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prom"
2^prom
Fig. 1.3. The gravitational oscillation of a stretched string loaded with a heavy point-mass at its centre.
Consider the mass to be in equilibrium under gravity
when a distance h below the horizontal, the string then subtending an 
angle T  to the horizontal (see Fig. 1.3). The distance between the end 
points of the string is 2C. In such an equilibrium state
2T  QsinY = gMprom » (1.30)
giving
gMprgm 2X.h 1 - Cr( t W ) ' / '
2Xh
C [C- Cq], (1.31)
w here  X is the elastic constant of the string of a natural length Co, and h «  C.
If a small vertical displacement z is applied to the mass, then 
the equation of motion is approximately
2Xzz + M prom 3 /2 = 0 .
The frequency co of oscillation is thus given by
(1.32)
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IX(O' M 1 -prom.
(è.) (1.33)
giving a period of
'gravity 2tc
C- t a n Tg
1/2
(1.34)
Eq. (1.33) is, in fact, also similar to the frequency of oscillation 
calculated for prominences by Kuperus and Raadu (1974), in which the 
distance h is the height of the prominence mass over the solar photosphere 
(Fig. 1.1(b)). Considering an end-point separation distance 2C « 50,000 - 
150,000 km, a solar gravity g=0.274 kms"^(eg. Priest, 1982), and a field- 
line angle of about 10® we again obtain, from Eq. (1.34), a xgravity 20-30
min that is similar to the periods given by Hyder (1966) and Kuperus and 
Raadu (1974).
In this thesis we have mainly confined ourselves to the non- 
gravitational, magnetohydrodynamic calculations. It would, of course, be of 
som e in te r e s t  to see  w h e th e r  th e  im p ro v e m e n ts  o f  ou r 
magnetohydrodynamic slab model, that we mainly discuss in this thesis, 
can indeed prov ide a periodicity similar to Eq. (1.34) for any of the 
modified fundamenta l MHD modes in the presence of gravity. Such a 
calcu lation, of course, faces an obvious difficu lty o f finding a simple 
magnetostatic equilibrium model that can be investigated in an analytical 
w ay.
(b) Models for  horizontal oscillations. Kleczek and Kuperus (1969) provided 
a model for the horizontal v ibrations of a prominence sheet that are 
excited by external sources, such as the shock waves generated by a solar 
flare. The vibrations discussed by Kleczek and Kuperus, are essentially due 
to the 'leaky magnetoacoustic wavemodes' (Roberts and Webb, 1979; 
Spruit, 1982; Davila, 1985; Cally, 1985, 1986) that would have been excited 
in itia lly  in a prom inence-coronal system due to f lare  disturbances, 
prov ided the corona were of infinite  extent on either side of the
prominence slab; see detailed discussions in Chapter II.
In their original model, Kleczek and Kuperus considered the
vertical prominence sheet to be hit broadside by the flare disturbance and
disp laced horizontally from its equilibrium position. They approx imated
27
the supporting magnetic field of the prominence by an effective field B 
along the long axis of the prominence and anchored in fixed positions. The 
horizontal restoring force per unit disp lacement is then given by the
magnetic tension force per unit length ~ ( B .V ) B V  « (B^/tcL^)V, with L
being the length and V the volume of the prominence. The motion of the 
prominence can again be described by the equation of motion of a damped 
harmonic oscillator, the damping now being due to the radiation of acoustic 
(or more precisely, magnetoacoustic) waves that propagate into the coronal 
p lasm a at the expense of the kinetic energy of oscillation of the 
prominence sheet. If we ignore the effect of this damping on the frequency 
of the prominence, the period of oscillation is simply given by
27tLB ' W ’tPo- (1.35)
Kleczek and Kuperus considered L=10^ km, pQ«10’^  ^ gcm"^ and a magnetic 
field strength B « 9G, giving a value of about 20 min for the period x. For 
the damping constant they considered Rayleigh's model for the acoustic
radiation from a circular piston (Lindsey, 1960) to obtain
M
J 2 ( 2 k a )  
 ^ k a (1.36)
where J j (x )  is the Bessel function of first order (eg. Abramow itz and 
Stegun, 1964), Cg«1.5 10^ cms"^ is the acoustic speed in the corona (say), A 
= 7ca  ^ = LH is the surface area of the large face of the prominence and k is 
the wavenumber of the acoustic wave radiated in the ambient corona. For 
acoustic waves of period 20 min, K leczek and Kuperus thus obtained a 
value of y ~ 4 10“"^ s " \
It is of some interest here to note a somewhat similar, (though 
non-dam ping) model of prom inence oscillations proposed recently  by 
Roberts (1991c) and Joarder and Roberts (1992a,c). In this model, the 
p rom inence oscillations are viewed as the vibrations of an e lastic  
rectangular sheet, with its magnetic field lying essentially along the long 
axis of the sheet. The period of the (m,n)-th mode of the thin sheet can be 
written by following Rayleigh (1877) as
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'm,n c , (1.37)
where c, the elastic speed within the sheet, is identified with the fast
2 2 1/2m agnetoacoustic speed Cy = (Cg + v ^ )  (see Section 1.3.2) within the
prominence plasma. The mode numbers m,n (=1,2,3 .........) describe the
various geometrical patterns of vibration of the sheet.
A quiescent prominence is characterized by for example,
the height H=5 lO'  ^ km and the length L=2 10^ km. Thus the period x tends 
to be determined principally by the integer n describing the vertica l 
structure of the modes. To illustrate, with c^ = 27 kms"^ (consistent with a 
sound speed Cg = 15 kms"^ and an Alfven speed v^=23 kms“l)  we obtain
60.7/  ^ n 2^1/2V 1 6 minutes. (1.38)
Thus, the n= l mode gives x = 59-34 minutes for harmonics with m= l-6; the 
11=2 mode gives 30-24 minutes for m = l-6 . We again find modes with 
periods of the order of an hour, consistent with the long-period oscillations 
observed in quiescent prominences.
In Chapter II of this thesis, we calculate in detail the modes of 
oscillation of a thin sheet-like structure that is subjected to a three- 
dimensional perturbation (see also Joarder and Roberts, 1992a). The sheet 
is taken to be permeated by an uniform longitudinal magnetic field. We 
show that the magnetic sheet can sustain fas t  magnetoacoustic  surface 
m o d e s  that are somewhat similar to the long period modes discussed by 
K leczek and Kuperus (1969) and Roberts (1991c). The presence of fast 
magnetoacoustic surface waves in slab geometries has been discussed in 
Roberts (1981a,b), Edwin and Roberts (1982) and Rae and Roberts (1983), 
though without reference to prominence oscillations.
1.4.3. Im p o r ta n c e  of the  t r a n s v e r s e  m ag n e tic  f ie ld c o m p o n e n t:
The magnetic field in a prominence is, however, not purely longitudinal 
but is inclined at a fine angle of approximately 20® to the long axis of the 
prominence (see section 1.1.2). With an average magnetic field strength of 
about 12G (Jensen and Wiik, 1990; see Table 1.1), this produces a 
dom inant long itud ina l  com ponent of about 10-1IG and a weaker
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transverse field component of about 3-5G. The presence of this weaker 
magnetic field component transverse to the slab axis qualitatively changes 
the oscillatory modal structure of the thin magnetic slab from that found 
when the magnetic field is purely longitudinal. In particular, the order of 
the governing differential equation is raised, as was first indicated by 
Schwartz and Bel (1984a,b) in a somewhat different context. The increased 
order of the differential equation gives rise to the need for additional 
boundary conditions, and this is where the effects of photospheric  line- 
tying of the prominence magnetic field come in.
The physica l  p rocesses  involved  in l ine - ty ing  are not 
completely clear. It is generally agreed, that the magnetic field supporting 
and surrounding the prominence (such as a coronal magnetic arcade in the 
direct-polarity, Kippenhahn-Sch luter-type prominence model of Fig. 1.1a) 
must be, in some way, anchored in the underlying photosphere, where the 
extreme ly dense photospheric materia l w ith P corona/P photosphere ^ 10"^ 
shou ld restric t the free m ovements o f the field lines. Considerab le  
contoversy, however, remains on the exact nature of such constraining 
forces (eg. Bray et al. 1991). A weak constraint, advocated by Van Hoven 
et al. (1981) is to demand that the displacement perpendicu lar to the 
magnetic field, vanish. This choice has been criticized by An (1984),
Rosner et al. (1984) and Hood (1985, 1986a,b, 1989, 1990) who argue that 
as both the sound speed c^p (« 10 kms“^) and the Alfven-speed v^p (« .01-
10 kms"^) in the photosphere are much less than the corresponding speeds
(Cge « 100-200 k m s" \  ~ 10^-10^ kms"^) in the corona, the photosphere
is likely to take a long time to respond to coronal disturbances, and 
therefore , d isp lacem ents  that are e ither  pe rp en d icu la r  (supposed ly
governed by A lfven travel time) or paralle l (supposed ly governed by 
sound travel time) to the magnetic field, and are generated in the corona, 
will vanish at the photospheric interface. According to this argument, the 
correct line-tying boundary condition should thus read % = 0, where Ç is the 
net displacement of the footpoints of the magnetic field-lines. This choice 
for the line-tying boundary condition was considered by Raadu (1972) and 
Hood and Priest (1979).
In the rem ainder of this thesis, we consider the boundary
condition of Raadu (1972) and Hood and Priest (1979) without any further 
justification, inspite of the fact that the above time-scale arguments given 
in favour of this condition may not be entirely satisfactory and therefore 
an exam ination  of the effects of d ifferen t photospheric  boundary
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conditions on the modes of oscillation of a prominence would form a topic 
for future investigation.
Coming back to our discussion of the magnetohydrodynamic 
modes of oscillation of the prominence slab, the detailed nature of the new 
type of oscillation spectrum of the magnetic slab, that arises in the 
presence o f  a m agnetic field com ponent that is transverse  to the 
prominence axis, and also constrained by photospheric line-tying, is the 
subject matter of our discussion in Chapter III and onwards (see also 
Joarder and Roberts, 1992b, 1993b; Roberts and Joarder, 1993). We may, 
however, gain some insight into the nature of the (non-gravitational) MHD 
modes of oscillation of a two dimensional slab (sheet) in a pure ly 
transverse, line-tied magnetic field from an e lementary analogy of a 
vibrating mass M in a taut elastic string of length 2C under tension T 
(Roberts, 1991c; Joarder and Roberts, 1992b). The frequency co of the 
fundamental vibration of such an elastic string is given by Rayleigh (1877). 
In the case where the mass of the string can be ignored compared to the 
mass M, this frequency is determined by
2(0 = 2TMC (1.39)
If we now consider the mass M to be uniformly distributed over a length 
2a with a mass density pQ per unit length, the period of oscillation x = 2%/co
is given by (see Lamb, 1910)
f,
X = 7C (1.40)
where c = (T /pq)^^^ is a natural wave speed of the system. Considering a
prominence width 2a = 5000 km, a string length 2C = 50,000-150,000 km,
an acoustic speed Cg = 15 kms"^ and Alfven speed v^  =23 kms"^ inside the 
prominence, we then obtain a period Xg « 55-96 min for the slow mode, 
and a period x^= 40-60 min for the fast mode, the propagation vector of 
both the modes being in the direction of the field lines. The periods 
presented by these two modes are thus well w ithin the range of the
observed long period oscillations in prominences (see section 1.2). In this
elastic string analogy of prominence oscillations, the long period fast mode
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produces a transverse (vertical) oscillation of the prominence, whereas, the 
long period slow mode produces a lateral (compressional) oscillation in the 
direction of the magnetic field.
The above analogy of the vibration of a mass attached to a 
stretched elastic string has proved to be particularly useful in our analysis 
of the magnetohydrodynamic modes of oscillation of a prominence-sheet, 
as will be shown in Chapters III and V. It will there be demonstrated that 
modes similar to those described by Eq.(1.40) are present in the p lasma 
sheet, even when the magnetic field threading the sheet is not purely 
transverse, but makes a very small angle to the long axis of the plasma 
sheet, as is the situation in quiescent prominences.
1.5 A non-gravitating MHD slab model of prominence oscillations.
Finally, in this section we describe the principal model of a solar quiescent 
p ro m in en ce  tha t we exam ine  in this thesis  to d esc r ib e  the 
magnetohydrodynamic modes of oscillation of a prominence. The idealized 
prominence model that we here analyze is, in fact, derived through a series 
of s im p lif ications over a more rea listic  description o f a quiescent 
prominence. In Fig. 1.4, we present a standard description of quiescent 
prominences, that represents reasonab ly well the situations observed in 
prominences with simplest magnetic topology, namely, the direct-polarity 
prominences; cf. Section 1.1.3. This figure is, in fact, a generalization of the 
tw o -d im e n s io n a l  K ip p en h ah n -S ch lu te r- ty p e  m ode l  o f a q u ie sce n t  
prominence that was given in Fig. 1.1(a).
In Fig. 1.4, the arch-like prominence is imbedded in a hot 
corona, and also overlies an inversion line of the photospheric magnetic 
field. The prominence-arch is generally connected to the photosphere by 
several feet. The prominence material is supported against gravity by the 
electromagnetic Lorentz force (F = Jx B ), that arise due to the interaction of 
the large scale current-sheath (resulting from the inversion of the line-of- 
sight photospheric magnetic field) with the almost horizontal magnetic 
field lines at the top of a coronal magnetic arcade threading the 
prominence. The arcade magnetic field is also supposed to possess a small 
dip at the site of the prominence, see Section 1.1.2. This three-dimensional 
magnetic arcade is considered to be almost semi-circular in cross section, 
with its footpo ints being anchored in the opposite magnetic polarity  
regions of the dense photosphere. The coronal arcade is also somewhat
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sheared, with its field lines lying in planes that are inclined at a small 
angle (|) « 20° with the prominence-axis (Y-axis), see Fig. 1.4.
F ig. 1.4 Schematic of a prominence embedded in the corona overlying an
inversion line of the photospheric magnetic field (+/-). Solid lines represent
the arch boundaries of the filament, while dashed lines represent magnetic
field-lines supporting the prominence (After Schmieder, 1989).
Ill our idealized, non-gravitating prominence model disp layed 
in Fig. 1.5, we ignore the curvature of the prominence-arch (Fig. 1.4), thus 
approx im ating the prominence as a p lane-para llel, uniform magnetic 
plasma slab embedded in a hotter and rarer coronal medium. Here, we also 
ignore the existence of the feet that connect the prominence material to 
the photosphere. The prominence slab is taken to be of thickness 2a in the 
X-direction, of length L in the Y -direction, and of height H in the Z- 
direction. The dimensions of the slab satisfies the condition 2 a «  H, L. This 
condition allows us to consider the further simp lification of one- 
dimensionality in our equilibrium configuration, where we treat all the 
equilibrium quantities to be independent of Y and Z. The effect of finite 
edges of the slab in these two directions are considered through a three 
dimensional perturbation; see Chapter II.
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In this non-grav itational prominence model of Fig. 1.5, we 
ignore the dip at the top of the magnetic arcade that supports the
prominence material against gravity (see Fig. 1.4). As the field lines 
pe rta in ing  to the m agnetic  arcade are nearly  ho r izon ta l in the
neighbourhood of the prom inence, we here approx im ate the arcade 
magnetic field as a planar, uniform magnetic field B = (B ^ , By, 0) that is
inclined at an angle (j) to the Y-axis, thus giving taii(t)=
y
The density  and tem pera tu re  inside  and ou ts ide  the
prominence slab are taken to be p^, T^ and p^, respectively, that are
related by the condition of the continuity of gas pressure, namely, p^T^ = 
pgTg. We here ignore the difference in the mean molecu lar weight (p,)
inside and outside the prominence (Jensen and Wiik, 1990; Table 1.1) and 
consider p = l /2  in both the prominence and the coronal media. This
difference in the values of \x in the two media can hardly affect the
approximate estimate of the periods of the magnetohydrodynamic modes 
that are provided by our simple model.
Finally, we consider the magnetic field to be anchored at rigid walls 
placed at a distance t  from the prominence centre on either side of the 
prom inence slab, representing the photospheric l ine-tying effect (see
Section 1.4.3).
We analyze the various aspects of this simple slab model in the 
remainder of this thesis. In Chapter II, we consider the magnetic field to 
be purely long itudinal (<|)=0), and ca lcu late the m agnetohydrodynam ic 
modes of oscillation of such a magnetic slab. The effect of photospheric 
line-tying of the field lines is ignored in Chapter II. The model considered 
in Chapter II is, in fact, an improved version of the model proposed by 
K leczek and Kuperus (1969), where we also consider the effect of the 
external corona on the structure of the oscillatory modes of the model 
prominence slab.
In view of the limitations of a purely longitudinal field model and 
the importance of the weaker transverse component of the magnetic field ( 
see Section 1.4.3), we consider the case of a purely transverse field in 
Chapter III. The effect of the line-tying boundary conditions on the 
oscillations is also included in this chapter. For the sake of simplicity, we 
confine ourse lves to a two-dimensional geometry in Chapter III, thus 
ignoring the Alfven modes.
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In both Chapters II and III, we ignore the effects of gravity. 
Accordingly, in Chapter IV, we discuss the possible effects of gravity on 
the magnetoacoustic modes of oscillation of a prominence by considering 
an e lem entary , isotherm a l  and tw o-dim ensional m agn etohydro s ta tic  
model, name ly  M enzel's (1951) prom inence model. The modes of
oscillation of a generalized Kippenhahn-Sch luter (1957)-type prominence 
model is also briefly described in this chapter. We compare the results 
obtained from these more realistic prominence models with those found in 
Chapter III, thus indicating that the structures and the periods of the 
magnetohydrodynamic modes of a more realistic prominence model are
not likely to change appreciably from those obtained in our simple slab 
m ode ls .
In Chapter V we again turn to our simple slab model and consider a 
prominence slab that is threaded by a line-tied, skewed magnetic field that 
possesses both a longitudinal and a transverse component; see Figure 1.5. 
It is to be hoped that the modes described in this chapter are able to 
provide an approximate idea of the actual global magnetohydrodynamic 
modes in a quiescent prominence. The simplicity of our model allows us to 
prov ide approx im ate scaling laws for the periods of the modes of
oscillation, and these may in principle be verified by future observations 
of prominence oscillations.
Finally, in Chapter VI, we discuss briefly some limitations of the 
theore tica l  m ode l considered in the present study of prom inence
oscilla tions, and also indicate some possib le projects that may be 
investigated  in future to improve upon the theoretica l  mode ls of 
prominence oscillations that are presented here.
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Chapter II
The slab with a purely longitudinal magnetic field
2.1 In tro d u c tio n
In th is  c h a p te r ,  w e  co n s id er  a s im p le  th eo re tic a l  m ode l  of p ro m in e n c e  
oscillations in te rm s  of the  m agnetoacoustic  m odes of oscillation of a th in  
p la sm a slab. The slab is e m b e d d e d  in a h o t te r  and  r a r e r  coronal p lasm a. 
The effec ts  of g ra v i ty  a re  ignored . We assum e  th a t  b o th  th e  p ro m in en ce  
slab and  its coronal e n v iro n m e n t  are p e rm e a te d  by  a un ifo rm  m agne tic  
fie ld th a t  is a ligned  a long the  long axis of the  slab. Such an a s su m p t io n  
reg a rd in g  th e  m agnetic  fie ld of a p rom in ence  was, in fact, co n s id e re d  by  
Kleczek and K uperus (1969) to exp la in  the  so-called w ink ing  p h e n o m e n o n ' 
o b se rv e d  in q u iescen t  p rom inences . A sim ila r  m ode l  of p ro m in e n ce s  has 
a lso b e e n  p ro p o se d  re c e n t ly  by  R oberts  (1991c; see a lso J o a rd e r  and  
R oberts , 1 992 a)  to exp la in  the  o b se rv e d  long period  (of a b o u t  an h o u r)  
oscillations in q u iescen t p rom inences. The mode ls by  Kleczek and  K uperus 
( 1969) and Roberts (1991c) are described  in Chapter I.
The m ode l  w e exam ine  in th is c h ap te r  form s a n a tu ra l  ex ten s ion  of the  
e a r l ie r  m ode ls  of Kleczek and K uperus (1969) and R oberts  (1991c). Here, 
we exam ine  th e  effect of a fin ite  th ickness  of p rom inence  slab, and also the  
e ffec t of the  e x te rn a l  coronal m edium  on the  oscillation f re q u e n c ie s  and 
m odes of th e  m ode l  p rom inence .
In  r e a l i ty ,  a p ro m in e n c e  m ag n e tic  f ie ld  is n o t  lo n g i tu d in a l ,  b u t  is 
inc l ined  a t a f ine  ang le  of a p p ro x im a te ly  2 0 °  w i th  th e  long axis of th e  
p ro m in e n ce ;  see th e  o b se rv a t io n a l  discussion  in Section 1.1.2. W i th  an 
av e rag e  m agne tic  fie ld s t re n g th  of 12 G in p rom inen ces  (see Tab le  1.1 in 
C h a p te r  I), th is  p ro d u ce s  a d o m in a n t  lo n g i tu d in a l  c o m p o n e n t  of f ie ld  
s t re n g th  10-11 G and a w e a k e r  t ra n s v e rse  com ponen t of s t re n g th  3-5  G. In 
th is  c h a p te r ,  w e  co n s id e r  the  d o m in a n t  lo n g i tu d in a l  f ie ld  c o m p o n e n t ,  
ignor ing  th e  t r a n s v e r s e  c o m p o n e n t  a l to g e th e r .  The w e a k e r  t r a n s v e r s e  
c o m p o n e n t  of the  m agnetic  field ignored  in th is discussion, is t rad i t io n a lly  
b e l ie v e d  to p e r ta in  to th e  corona l m agn e tic  a rc ad e  th a t  t h r e a d s  th e  
p rom inence  p lasm a tran sv e rse ly ,  p rov id ing  it w ith  the  n e c e ssa ry  su p p o r t  
aga in s t  g rav ity ; see, for exam p le , K ippenhahn -S ch lu te r  m ode l  (Fig. 1.1(a)) 
in C hap ter  I for a t rad it io n a l  descrip tion  of p rom inences. The foo tpo in ts  of 
th is  m ag n e tic  a rcad e  are  an ch o red  in the  reg ions  of o p p o s i te  m agne tic
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p o la r i ty  in th e  ph o to sphere , th us  producing a l in e - ty ing  effect (Section
1.4.3). We ignore this photospheric  line-ty ing  effect in the  p re s e n t  m ode l  
and  co n s id er  the  coronal p lasm a to be of infinite  e x ten t  on e i th e r  side of 
th e  p ro m inence  slab.
W ith  these  sim p lifying assum ptions  regard ing  the  p rom inence  and its 
coronal e n v iro n m en t ,  the  equ i l ib rium  th a t  we exam ine in th is  c h a p te r  is 
th e n  e a s i ly  c o n s t ru c te d  from  Fig .1.5 (see Section 1.5, C h ap te r  I) by  
su b s ti tu t in g  (|)=0 and C Here (t>is the angle of inc lination of the  m agnetic  
fie ld to the  slab axis and 2 t  is the  anchor po in t sep ara tion  distance  of the  
m a g n e t ic  f ie ld  l ines . For c o n v e n ie n c e ,  the  m o d if ied  e q u i l i b r iu m  
con figura tion  is sketched in Fig. 2.1.
The m ode l  th a t  w e a re  considering  fa lls fa r  sh o r t  of sa t is fy in g  th e  
s i tu a t io n  actua l ly  o b se rved  in qu iescen t prom inences. The n o rm a l  m odes 
c o n s id e r e d  h e re ,  c a n n o t  th e r e f o re  be c o m p a re d  d i r e c t ly  w i t h  th e  
o b s e rv a t io n s  of p ro m in e n ce  osc i lla t ions. N on e the less , it  is u se fu l  to 
cons ider  the  modes of oscillation for th is model as it p rov ides a basis for
 ^ X
Fig. 2.1. A schematic diagram showing the model prominence slab with a 
longitudinal magnetic field.
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th e  u n d e r s t a n d in g  of th e  m odes of osc i lla t ion th a t  a r ise  in th e  m ore  
com p lex m ode ls inves tiga ted  in la te r  chapters .
The n o rm a l  m odes w e h e re  describe  are in fact the  th re e  d im en s io n a l  
c o u n te r p a r t s  of th e  h y d r o m a g n e t i c  m odes  of o sc i l la t io n  of a tw o  
d im e n s io n a l  p la sm a  s lab d iscussed  in R oberts  (1 9 8 1 b )  and  Edw in and 
R oberts  (1982), and in th is  contex t are  of some in te re s t  for v a r io u s  solar 
and a s tro p h y s ica l  p henom ena . The m odes are also sim ila r  in n a tu r e  to the  
h y d ro m a g n e tic  m odes of a s tra ight, uniform  cy lindrica l p lasm a tu b e  w i th  a 
m agnetic  fie ld th a t  is a ligned to the  axis of the  tube; see Edwin and Roberts 
(198 3 ) ,  R oberts  (1 985). The s tu d y  of such  m odes has a w id e  ra n g e  of 
ap p l ica t io n s  in th e  e n e rg y  t r a n s p o r t  m echan ism s in su n s p o ts  and  th in  
p h o to sp h e r ic  f lux tubes , as w e ll  as in coronal loops; see th e  d iscussion  in 
Edwin and  R oberts (1983), Roberts e t al. (1984), Roberts, (1991 a,b,c, 1992).
The e q u i l ib r iu m  s ta te  in th e  p a r t ic u la r  case of a p u re ly  lo n g i tu d in a l  
(<j)=0) m agnetic  fie ld is described  by  the  condition of c o n t in u ity  of th e  gas 
p re s su re  across the  p lasm a slab, nam e ly , p^T^ = p^T^ , w h e r e  p^, p^ and T^, 
Tç a re  the  e q u i l ib r iu m  densities  and te m p e ra tu re s  inside  and  o u ts ide  the  
slab. The m ean  m olecu lar w e ig h t (p.= 1 / 2 ) is assum ed  to be th e  sam e inside  
and ou ts ide  the  p rom inence  slab.
The c h a ra c te r is t ic  MHD sp eed s  th a t  e n te r  in our  d e sc r ip t io n  of th e  
m odes of oscillation of the  p lasm a slab are the  A lfven sp eed s  Vy^  ^ and v^ ^  
in s id e  and  o u ts id e  th e  s lab, th e  sound  sp e e d s  Cg  ^ and  Cg ,^ and  th e  
m agne toacoustic  cusp speeds  Cy^ and Cy .^ Here the  suffix o' s ta n d s  for the  
p ro p e r t ie s  inside the  slab (the object), w h e rea s  the  suffix e' ( the  ex te r ior)  
is u sed  for the  p ro p e r t ie s  of the  s lab 's e n v iro n m en t .  We also define  tw o 
critica l sp e ed s  for n o n -p a ra l le l  p rop aga t ion  in each of th e  un ifo rm  m edia  
inside and  outside  the  p lasm a slab. These are
V CO A o js e c 2 0 :
f 2
■'so"
V
2
Ao^ s^ec" 6^-4v^^CgQsec^ 8
y
1/2 1 1 / 2 (2.1a)
21 ^se'^^Ae Sec^Gi- /  2 2^se'*'^Ae
LV
sec^0-4v^gCggSec20 1/2 1 1 / 2 (2.1b)
w h e re  0 is the  ang le of inc lination b e tw ee n  the d irec tion of p ro p aga t ion  of 
the  w a v e  m ode and  th e  m agne tic  fie ld B. The sp e ed s  v^^ and  v^g are
s im p ly  th e  m ag n e to aco u s tic  sp eed s  a long the  m agne tic  f ie ld  B, w ith
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re fe r r in g  to th e  fa s t  w av e  and ' re fe r r in g  to the  slow w a v e  (see Section
1.3). Note th a t  as 8-> 0, v^^ min(v^Q.Cgg) and v  tnin(v^g,Cgg), w h e re a s
n^co and ^  max(Vy^g.Cgg). Also, as 9 -> 0^^, v  ^
c^g, w h e r e a s  v^^ -> oo a n d  v^g ->oo. These lim its are  c o n s is te n t  w i th  th e
phase  sp eed s  of the  m agnetoacoustic  m odes given in Section 1.3.2 (see Fig. 
1.2a, b). For in te rm e d ia te  va lues  of the  ang le of p ropagat ion , w e  h a v e  Vgg >
Vco > CTo and > c^e.
2.2 Basic e q u a tio n s  and the  d ispersion  re la tion
We n o w  c o n s id e r  sm a l l  p e r t u r b a t io n s  of th e  fo rm  (1 .9 )  a b o u t  th e  
e q u i l ib r iu m  c o n f ig u ra t io n  d isp lay e d  in Fig. 2.1. In  each  of th e  th r e e  
un iform  m edia  inside  and ou ts ide  the  slab, the  l inearized  MHD eq u a t io n s  
g o ve rn ing  sm a ll  p e r tu rb a t io n s  can be ob ta ined  from  Eqs. (1 .1 0 )- (1 .1 4 )  of 
C hap te r  I a f te r  su b s ti tu t in g  By = B = |B| and B^= B^= 0. E lim ination of the  
p re s su re  p e r tu rb a t io n  p and the  d ens ity  p e r tu rb a tio n  p from  the  l inearized
MHD e q u a t io n s  lead s  to th re e  coup led  o rd in a ry  d if fe re n t ia l  e q u a t io n s  in 
the  co m p o n en ts  of the  ve loc ity  p e r tu rb a t io n  (v^,Vy,v^). These eq u a t io n s  are
(see Roberts, 1981a)
^d^v ^
(® - k y V A ^  +
"dv.,\ k o ^ d ^ A  
k y \  dx 0 , (2.2a)
, , 2  2 2 \  2^dVy ^(kyCg'Co )Vy + ikyC g J+ k y k = 0
and
(2.2b)
co^-(ky + kg)v^ lvg  - 0)2A z l . 2 ,''' z^dx J = 0 (2.2c)
F u r th e r  e l im in a t io n  in  f a v o u r  of v^ y ie ld s  a second  o r d e r  o r d in a r y
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d iffe ren tia l  equa tion  (Roberts, 1981a; Rae and Roberts, 1983)
(kyV* - - (m 2 + k ^ )v j  = 0, (2.3a)
w h e re
(kyCg - o)2)(kyVA - 0)2= ___ _ (2.3b)
The f i r s t  b ra c k e te d  () t e rm  in Eq.(2.3a) s im p ly  r e p re s e n ts  an  A lfven  w av e  
p ro p a g a t in g  a long th e  fie ld  and  it  is c o m p le te ly  d e c o u p le d  f ro m  the  
m a g n e to a co u s t ic  w a v es .  The second  te rm  in p a r e n th e s is  (), g ives the  
govern ing  d iffe ren tia l  e q u a tio n  for th e  m agnetoacoustic  w aves .
In th e  follow ing, w e do n o t discuss fu r th e r  the  A lfven m odes of the  slab. 
A p a r t  f rom  the  t r iv ia l  n a tu re  of th e se  m odes in th e  p a r t ic u la r  case of a 
p u re ly  lo ng i tud ina l  m agnetic  field, th ese  m odes are h igh ly  an isotrop ic  and 
in co m pressib le  in c h a rac te r .(se e  Section 1.3.2) and are th e re fo re  no t like ly  
to p lay a n y  significant role in th e  g loba l motion of the  p ro m inence  slab, b u t  
in s te a d  m ay  p ro d u ce  localized d is tu rb a n c e s  in th e  in d iv id u a l  m ag ne tic  
fie ld lines. In  th is  c h ap te r ,  w e  con fine  a t te n t io n  to the  m agn e toaco us tic  
m odes of th e  slab.
+I t  is co n v en ien t  to re w r ite  Eq. (2.3a) in te rm s  of the  critica l speeds v  asc
de fined  in Eq. (2.1). For th e  m agn e toacous tic  w av es , w e  o b ta in  (Rae and 
Roberts, 1983; Jo a rd er  and Roberts, 1992a)
d2v^ 2^ - k y M ^ v , , ,  (2.4a)
w h e re
+ 2 o V  -2, (vc - - c^) m2
^ " - ( 2 ------- ^ -------A  -  ^  .  tan^e  (2.4b)
and c Hco/ky is th e  f ie ld-a l igned  phase  speed,
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The l in e a r iz ed  MHD e q u a t io n s  a lso g ive e x p re ss io n s  fo r  th e  v a r io u s  
i m p o r t a n t  p e r t u r b a t i o n s  in  t e r m s  of th e  c o m p o n e n t  of v e lo c i ty  
p e r tu rb a t io n  v^. These express ions  are:
. 2ic„
V y ( x )  /  2  _ 2  V ,  2  2Y, z z 2 \  ^, j k y C T - C O .^ jk y dx (2.5)
ik.
v^(x) _kyM^ dx ( 2 .6 )
2 /, 2 2 2  ^fkyV^-co'^
p(x) =
and
r  2  2  V .  2  2Y ,  z z 2\ ^
. kyCT-“  K
A /
(2.7)
ip (o,e) ^kyVA-co2^
p.j.(x) = fdv.
cokyM^ dx
( 2 .8 )
Here p(x) and p^(x) are the  p e r tu rb a t io n  am p l i tudes in gas p re s su re  and in
the  tota l (gas+ m agnetic) p ressu re , respective ly .
Eqs. (2 .2)-(2 .8) app ly  inside (|x|< a) the  slab w ith  Cg = Cg^ , v ^  = v^^, c^ =
Cfo- Vg = VgQ, m^ = nig, M^ = Mg, and outside (|x| > a) the  slab w h e re  Cg = Cgg,
VA = VAe> " T^e> ai^ = m^, M ^  = M
In th e i r  m ode l  of p ro m inence  oscillations, Kleczek and K uperus (1 9 6 9 )
a ssu m e d  th a t  th e  h y d ro m a g n e tic  m odes of oscillation of the  p ro m in en ce
slab excited  m agnetoacoustic  w av es  in the  ex te rna l  corona th a t  p ro p ag a ted
aw ay  fro m  the  slab, causing th e  m odes to decay in tim e. Such m odes are
2h e re  c h a ra c te r iz e d  by  Mg < 0 and co rresp o n d  to p ro p ag a t in g  w a v e - l ik e  
solutions  of Eq. (2 .4a) in th e  m ed ium  e x te rn a l  (|xl > a) to th e  slab. Such
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w a v es  are  k n o w n  as 'leaky m odes' in th e  te rm inology  of MHD w av e  theory , 
and m ay be excited by  ex te rn a l  sources p laced at large d is tances from  the  
slab, p e rh a p s  by  a solar f la re  in the  case of a w in k in g  f i lam ent;  see the  
d iscuss ion  of le a k y  m odes in R oberts  and W ebb (1979 ) ,  S p ru i t  (1982 ) ,  
Davila (1985), and Cally (1985, 1986).
We m ay note, how ever, th a t  the  m agnetic  slab ex am ined  h e re  m ay also 
su p p o r t  in te rn a l  n o rm a l  m odes (Rae and Roberts, 1983) th a t  hav e  a p u re ly  
osc i l la t ing  t e m p o ra l  b e h a v io u r  and  do no t d ecay  in t im e  due  to th e  
excita tion of e x te rn a l  w aves . In w h a t  follows we re s t r ic t  a t ten t io n  to such 
n o rm a l  m odes of oscillation of the  slab, w ith  th e ir  ve loc ity  am p l i tu d e  v%(x)
2su p p o sed  e v a n e sc e n t  aw ay  from  th e  slab (in |x| > a), im p ly ing  > 0. A
discussion of such n orm a l  m odes is p e rhap s  more re le v a n t  in the  contex t of 
th e  r e c e n t  o b s e rv a t io n s  (see Section 1.2.3) of o sc i l la to ry  m o t io n s  in 
q u ie sc e n t  solar p ro m inences , as no e x te rn a l  source of en e rg y ,  such  as a 
so la r  f la r e ,  h a v e  so fa r  b e e n  id e n t i f ie d  to exc ite  su ch  m o t io n s  in 
p ro m in en ces .  In  th e  case of such n o rm a l  modes, th e  g e n e ra l  solution  of 
Eq.(2.4) can be w r i t te n  as (Roberts, 1981b; Edwin and Roberts, 1982)
Vj(x)  -
A ]ex p (-k y M g (x -a )) ,  x > a ,
B|Sinh(kyM^x) + B2 C0 sh(kyMQx), jxl < a , (2 .9 )
A2 exp(kyM g(x+a)}, x < -a
w h e re  A j, A 2 . Bp B2 a re  a rb i t r a ry  constants . Follow ing Roberts (1981 a,b),
2 2 solutions w ith  > 0  a re  te rm e d  surface m odes  and those  w i th  < 0 are
te rm e d  b o d y  modes.
The a rb i t r a ry  con s tan ts  in Eq. (2.9) can be e l im ina ted  by  req u ir in g  th a t  
both  v^ and the  p e r tu rb a t io n  of the total (gas + m agnetic) p re s su re  py (see
Eq. (2.8)) a re  cont inuous across the  in te rfaces  x= ± a of the  slab (Roberts, 
1981b; Edw in and  Roberts , 1982). For a n o n tr iv ia l  so lu tion  u n d e r  such  
cond it io n s ,  w e  o b ta in  th e  d isp e rs io n  re la t io n  (Rae and  R oberts ,  1983, 
Jo a rd er  and Roberts, 1992a)
yPo ,
tan h
coth (kyaM„) + ( v ^ o - c 2 )Mg .  0, (2 . 10 )
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w h e re  th e  choice of the  ta n h  function  re p re se n ts  the  a n t isy m m e tr ic  (6 2 =0 )
so lu tion  of Eq. (2.9) and  the  cho ice of th e  coth fu n c t io n  r e p r e s e n ts  the  
s y m m e t r i c  (B^=0) solutions . These  are  th e  sa u sa g e  and k i n k  m odes,
r e s p e c t iv e ly .  We n o te  th a t  Rae and  R o berts  (1 9 8 3 )  h a v e  p r o v id e d  
'ex is tence  d iag ram s ' for som e specific orderings  of the  p a ra m e te r s ,  as an 
in tu i t iv e  w a y  of c la ss ify ing  th e  n o rm a l  m ode so lu tio n s  of E q .(2 .10) 
according to the  locations of th e ir  phase  speeds in d if fe re n t  reg ions  of the  
p a ra m e te r  space.
2.3 P ro p e r t ie s  of the  d ispersion  re la tion
The co nd ition  of la te ra l  ev an escence  of the  n o rm a l  m odes d e m a n d s  th a t
2 +  -Mg > 0. As Vgg > Vgg > Cyg , solutions of Eq.(2.10) th a t  sa tis fy  th is condition
m ust h a v e  th e i r  f ie ld -a l ig ned  phase  speed  c (= m /ky) such th a t  e i th e r  c < 
Cyg or Vgg < c < Vgg. S im ilarly, Eq. (2.4b) show s th a t  m odes w ith  c > Vg^ or
Cyo < c < Vgg are body  modes, w h e re a s  m odes w ith  Vgg < c < Vgg are surface  
modes.
It is c o n v en ien t  to in troduce  tw o  critica l ang les of p ropagat ion , 0gj and 
0 g2 , g iven  as solutions of the  equations
Vgg(0 ) = Cyg , (0 =0 g |) (2 . 1 1 )
and
v „ ( 0 ) = v _ ( 0 ) , (0 =0po). (2 . 1 2 )
W hen  th e  m ed ia  inside  and outside  the  slab are such th a t  v^g  >> c^g > 
v^g  and Cgg -  0, th e n  Eq. (2.1a, b) gives Vgg -  v^gCOS0 and Vgg ~ Cgg , so th a t
the  solutions of Eqs. (2.11) and (2.12) reduce  to
(2.13)0cl "  %2 " V se y
For an a r b i t r a r y  cho ice of p a ra m e te r s ,  Eq. (2 .11) and  (2 .12) a re  m ost
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c o n v en ien t ly  solved num erica l ly , giving 6^2 > 0^1- T^ Be physica l  s ignificance 
of th ese  critica l ang les w ill be shortly  m ade clear.
To d iscuss  the  b e h a v io u r  of th e  solutions of the  d isp e rs io n  re la t io n
(2 . 1 0 ), w e  con s ider  the  ordering  of physica l speeds as Cy^ < Cgg < v^g  < Cy  ^ < 
Cgg < v^g. This is the  s i tu a tio n  n o rm a l ly  found in q u ie sce n t  p ro m in en ces . 
For e x am p le ,  w i th  a p ro m in e n c e  t e m p e r a tu r e  of Tg = 8 10^ K and  an  
average  d en s ity  of pg = 2 . 5  1 0 "^^ gcm"^ (corresponding to a partic le  den sity  
th a t  is s l ightly  above 1 0  cm"^) in a corona w i th  Tg = 1 0  ^ K and  pg = 2 1 0 "
gcm"^, our v a r io u s  physica l  speeds  are Cyg = 1 2  k m s " ^  Cgg = 1 5  k m s " \  
Vao = 23 kms"^, Cyg = 139 k m s" ^  Cgg = 166 k m s ”  ^ and v ^ e  = 252 kms"^ for 
a m agnetic  fie ld of 4 G. For a m agnetic  fie ld of 12 G, our physica l  sp eed s  
are  Cyg = 15 k m s " \  v ^q  = 6 8  k m s"^  Cyg = 163 km s '^  and v ^ e  = 7 5 7  k m s" ^  
w ith  Cgg and Cgg unchanged , of course. W ith th is  ordering of p a ra m e te r s ,  
the  n a tu r e  of th e  solutions of Eq. (2 .10) are  show n sch em a tica l ly  in Fig. 
2 .2 a-c, for th re e  d if fe ren t  ang les of p ropagat ion  0 , n a m e ly  (a) for 0 = 0 °, (b) 
for an  angle  0 < 0 gj, and  (c) for an angle 0 > 0^2  Note t h a t  Fig. 2.2a, 
describ ing  the  s itua tion  at 0 = 0°, is qua l i ta tive ly  s im ila r  to Fig. 8 of Edwin 
and R oberts  (1983), w h ich  is a correc ted  v e rs io n  of Fig. 7 of Edw in and  
Roberts ( 1982).
F igure  2 a -c  show s th a t  the  n o rm a l  m ode solutions of Eq. (2 .10) ex is t  
only in th r e e  "propagation w indow s" in p a ra m e te r  space, n a m e ly  fo r (i) Cyg
< c < Vgg, (ii) VaO < c < Cyg, and (ill) Vgg < c < Vgg. No n o rm a l  m ode exists for c
< Cyg or Vgg < c < VaO as both the  te rm s  of Eq. (2.10) are  positive  defin ite  for
such  v a lu e s  of th e  f ie ld -a l ig n e d  p h ase  sp e ed  c, an d  th e r e f o r e  th e  
d isp e rs io n  re la t io n  is not satisfied. We now  proceed  to discuss the  n a tu re  
of th e  m odes in the  th re e  p ropagat ion  w indow s  m en tioned  above.
(i) Cyg < c < Vgg . The so lu tion s  of Eq.(2.10) in th is  b a n d  of p h a se
p ro p a g a t io n  are the  s low  b o d y  sausage m odes  and the  s lo w  b o d y  k ink  
m o d e s  . Consider, for exam p le ,  th e  sausage  modes. For th e se  m odes. Eq.
(2 .1 0 ) can be w r i t te n  as
kyaNg = tan ^
PeJ(VAe-c2)No
]k , (2.1 4a)
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w h e re
+ 2 2 V - 2 2Vco - c l^co - c
2 V ' > 0 (2 .14b)
and j= 0,1, 2, 3.... In the  long w a v e le n g th  limit (kya->0) th e  f ie ld -a l ig n ed
phase  sp eed  c for th ese  slow body  sausage m odes a p p ro a ch e s  th e  v a lu e  
c^Q, th e  cusp  sp eed  inside  th e  slab, th u s  giving kyaN^ ]k in th is  long
w a v e l e n g th  e x tre m e .  On th e  o th e r  hand , in the  sh o r t  w a v e l e n g th  l im it
(kya-^oo) the  phase  speed c approaches the  fie ld-a l igned slow speed  v^^ for
the  in te rn a l  m edium , thus  giving kyaNg ( j + l / 2 )7t for these  slow sausage
modes. A sim i la r  ana lys is  app lies  to the  slow body  k ink  m odes, show ing  
th a t  th e  lo n g i tu d in a l  ph ase  speed  v a r ie s  w i th  kya in a s im i la r  w a y  for
th ese  m odes also.
The p ropaga t ion  of these  slow modes are not p a rt icu la r ly  in f luenced  by 
th e  critica l ang les of p ropagat ion  and 0^2 . as can be seen  from  Fig. 2a-c. 
But as th e  p ro p ag a t io n  v ec to r (0, ky, k^) ten d s  to w a rd s  the  n o rm a l  to the
m agnetic  fie ld B, th e  p ropag a t ion  band  for the  slow m odes collapses to a 
sing le  line  c = c^g , sh o w in g  th e  h ig h ly  a n i s o t ro p i c  p r o p a g a t io n
charac teris tics  of slow modes (see also Roberts, 1985).
(Ii) < c < . The solutions ly ing in th is region of p a ra m e te r  space are
the  fa s t  m odes of the  slab. H ow ever, since th ese  fa s t  m odes h a v e  th e i r  
lo n g i tu d in a l  phase  speed  c be low  the  fie ld a ligned slow sp eed  v^^ of th e
ex te rn a l  m edium , w e can re fe r  to them  as the  (externa l ly  s low) fast  m odes  
(see Cally, 1985, 1986 and Abde latif, 1988 for a lte rn a tiv e  nom en c la tu res) .
For p u re ly  f ie ld-a l igned  p ropaga t ion  (0= 0^), i l lu s tra ted  in Fig.2a, v  =
v ^ g  and  w e  o b ta in  tw o ty p es  of body  modes, nam e ly , fa s t  b o d y  sausage
m odes  and fast  b o d y  k ink modes  (Edwin and Roberts, 1982).
For a sm a ll  ang le  of p rop aga t ion  0 < ( i l lustra ted  in Fig.2b), w e  find
VaO < Vgg < c^g. The fa s t  bod y  m odes still ex is t w ith  th e i r  f ie ld -a l ig n ed
p h a se  sp e e d  c in th e  d o m ain  Vgg < c < c^e . a n d  h a v e  v e r y  s im i la r
c h a ra c te r is t ic s  as for the  case of pa ra l le l  (0  = 0°) p ro p ag a t io n . Note th e  
u p p e r  cu t-o ffs  in w a v e le n g th  (frequen cy )  in the  fas t  b o dy  sausage  m odes
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and th e  h a rm o n ic s  of th e  fa s t  b o dy  k ink  m odes. At such  c u t-o f fs  th e  
n o rm a l  m ode is t r a n s fo r m e d  in to  a lea k y  mode th a t  d r iv e s  e x te r n a l  
m agnetoacoL istic  w a v e s  and th e re fo re  decays in tim e; see Section 2.2. 
H ow ever, de ta i led  ca lcu la tions w ith  p rom inence  p a ra m e te r s  suggest th a t  
the  ex is tence  of such cut-o ffs  is no t like ly  to g rea t ly  in f luence  the  n o rm a l  
m odes of the  slab at a w a v e le n g th  in te res tin g  for p rom inen ce  oscillations, 
this is d iscussed  fu r th e r  in the  nex t section.
In  a d d it io n  to the  above  body  modes, w e now  ga in  tw o  fa s t  surface
m o d es  ( ex te rn a l l y  s low)  w i th  v^g  < c < v^g. The a p p e a ra n c e  of such  fa s t
su rfa ce  m odes  (e x te rn a l ly  slow), for e v en  a sm a l l  n o n -z e ro  angle  of 
p ropaga t ion  w i th  re sp ec t  to the d irec tion  of the m agnetic  f ie ld -v ec to r,  is a 
specia l  f e a tu r e  of the  ca lcu la t ions  p re se n te d  in th is  c h a p te r .  T hese  f a s t  
su r fa c e  m odes  ow e th e i r  ex is ten ce  to th e  p a r t ic u la r  o rd e r in g  of th e  
ph ysica l  sp e ed s  co n s id e red  he re . The ch a rac te r is t ic s  of th e  fa s t  su rface  
m odes can  easi ly  be d e riv ed  from  Eq. (2.10). For exam p le , the  phase  speed  
c of the  sausage surface mode approaches the  A lfven speed  v^g  in the  lim it 
of long w a v e le n g th s  (k^a 0). For the kink surface mode, Eq. (2.10) seem s 
to suggest th a t  c c^g in the  lim it of van ish ing ly  sm a ll  k^a. In fact, th is 
k ink  su rface  m ode m erges  w ith  the  fu n d a m e n ta l  of th e  fa s t  b o d y  k ink  
m odes p re s e n t  in the  band  v^g < c < c^g a t some finite v a lu e  of k^a.
W hen  the  ang le of p ropagat ion  exceeds the  critica l ang le so th a t  v CO
> Cyg , th e  fa s t  b o d y  m odes d isa p p e a r  com p le te ly , leav ing  only  tw o  fa s t  
surface (ex te rna l ly  slow) m odes (see Fig. 2 c). W hen v^g  >> Cgg ~ c^g and Cgg 
~ Cyg -  0 , th e  f re q u e n c ie s  of th ese  sausage  and k ink  su rface  m odes, for 
sma ll ky.a, a re  g iven  by  the  follow ing approx im ate  form u lae:
co^~kyVAg[l + (kya) tanO] (2.15)
for sausage  modes, and
(O' k: 2^Te
2 /  2
Ac Cse-c2 > Te
__ I
k y a )2
'sec^0
V Ac
(2.16)
for k in k  modes. On the  o th e r  hand , for large kya and for a n e a r ly  n o rm a l
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pro p aga t ion  (8  -  %/2) the  fie ld-a l igned  phase speed c of b o th  th ese  surface  
m odes appro aches  the  limit
2 2 1 1 / 2Po^Ao Pe^Ae
Po  ^ Pe
(2.17)
w h ich  is th e  long i tu d ina l  phase  speed  for m a g n e to h y d ro d y n a m ic  su rface  
w a v e s  in  an  in c o m p re s s ib le  m ed iu m  (cf. W enze l, 1979; U b ero i  and  
S 'om asundaram , 1980; Roberts , 1981a, 1985, 1991a; S e m a s u n d a ra m  and 
Ubero i, 1982). We m ay  note  th a t  a s im ila r  a sym pto t ic  b e h a v io u r  is also 
fo u nd  for th e  slow su rface  w aves , th a t  exist in a p la sm a slab for c e r ta in  
ord ering s  of the  physica l  speeds (d iffe ren t from  the ord erin g  of the  speeds  
co n s id e re d  in th is  chap ter) ;  see, for exam p le , Edwin and  R oberts  (1982), 
Roberts ( 1985).
(Hi) Vgg > c > Vgg . The long itud ina l  phase  speed c for the  m odes a p p ea r in g
in th is  b a n d  lie above  th e  f ie ld -a l ig n ed  slow sp eed  Vg^ of th e  e x te rn a l
m edium . We th e re fo re  re fe r  to th ese  m odes as the  (ex te rn a l l y  fa s t )  fas t  
m odes  of the  slab (see also Cally, 1985, 1986; Abde latif, 1988). For 0 < 0 g2 .
as i l lu s tra te d  in Fig. 2b, th e  fast  b o d y  sausage and k ink m odes  a re  sim ila r  
to th e  b o d y  m odes o b ta in ed  for the  case of pa ra l le l  p ro p ag a t io n  (0  = 0 °,
Vgg = v ^ e  , Vgg = Cgg). In th e  case of para l le l  p ropagat ion , and  a lso w h e n
both  the  m edia  inside and outside  the  slab possess e x tre m e ly  h igh  or low 
p la s m a -b e ta  va lues, th e  d isp e rs ion  re la t ion s  for th ese  f a s t  b od y  sausage  
and  k in k  m o d es  a re  s im i la r  to th e  d is p e r s io n  r e l a t io n s  o b ta in e d  
re sp ec t iv e ly  for the  P ekeris  w a v es  in oceanography  and  th e  Love w a v e s  in 
seism ology (cf. Edwin and Roberts, 1982, 1983, 1988; R oberts  e t  al. 1984; 
Edwin e t  al. 1986). According ly, th ese  fa s t  body  sausage and  k ink  m odes 
a re  so m e tim e s  r e f e r r e d  to as th e  m a gn e t ic  P e k e r i s  m o d e s  and  th e  
magnetic  L ove  m odes  . We he re  re ta in  these  term inolog ies , in spite  of th e  
fac t th a t  the  ana log ies for the modes are not im m ed ia te ly  a p p a r e n t  in the  
m ore com p l ica ted  s itua tion  of the  n o n -p a ra l le l  p ropaga t ion  co n s id e red  in 
the  p re s e n t  discussion.
Note th a t  un l ike  th e  case of para l le l  p ropagat ion, the  u p p e r  cu t-o ffs  in
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w a v e l e n g th  ( f re q u e n c y )  for the  fu n d a m e n ta l  P ek e ris  m ode is r e m o v e d  
e v e n  for a s l igh tly  inc l ined  ang le  of p ropagat ion , allow ing th is  m ode to 
p ro p a g a te  fo r  a r b i t r a r i l y  long w a v e l e n g th s  w i th  its  p h a se  s p e e d  c
a sy m p to t ica l ly  app roach ing  the  critica l speed v^g. How ever, the  harm on ics
of b o th  th e  P ekeris  and Love modes still possess u p p e r  cut-offs.
The p e r io d s  of th e  m agne tic  Love and P ekeris  m odes at the  c u t-o f f  
w a v e le n g th s  can be ca lcu la ted  from  Eq. (2.10). For th e  h a rm o n ic s  of the  
m agnetic  P ekeris  modes, this equa tion  reads
k^aNL ~\n = -tan" l<
c^-v 2  ^Ao M.
c^-v 2 \ Ae
w ith
(2.18a)
c^-v + 2 Y  2CO c^-v 2 \CO
2 V^so^^Ao c"-CTo
A / 
and j= l ,2 , 3 ................ thu s  giving
(2 .18b)
, Pkyc „ , P 2a- c o s e  , and X, = — (2.19)
for th e  a p p ro x im a te  v a lu e s  of the  w a v e n u m bers and th e  p e rio d s  at th e  
u p p e r  cu t-o f fs  (c = Vgg(8 )) of the  m agnetic  P ek e ris  m odes. The cu t-o f f
w a v e n u m b e r s  and  p e riod s  of the  m agne tic  Love m odes can  be fo u n d  
sim ilar ly . These a re  g iven  by
•t/i 
vPo,
!2 j - l  )n
2 a COS0 ,
L 4a
c (2 j - l ) v Ao ,i= 1,2.3. ( 2 .2 0 )
Note th e  a n g u la r  d e p en d e n ce  of the  cu t-o ff  w a v e n u m b e rs  in Eqs. (2 .19) 
and (2 .2 0 ).
At a sm a ll  ang le  of p ro p ag a t io n  (9 < 8 ^2 ). all th e  m agne tic  Love and  
P ek e ris  m odes possess low er cu t-o ffs  at a w a v e le n g th  w h e re  th e  f ie ld -
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a l igned  p h a se  sp e e d  a t ta in s  th e  v a lu e  Vgg(0 ). The lo w e r  c u t-o f fs  a re  
re m o v e d  w h e n  th e  p ro p ag a t io n  angle 0  exceeds its c ritica l  v a lu e  0^2 (see 
Fig. 2c). In s te a d ,  th e  p h a se  sp e e d  c for  th e s e  m odes  a s y m p to t i c a l ly  
a p p ro a ch e s  vjg(0) a t a rb i t r a r i ly  sh o r t  w a v e le n g th s .  In  add ition , w e  a lso 
ga in  tw o  (ex te rn a l l y  fa s t )  fa s t  surface modes.  The ex is tence  of such  fa s t  
surface  w aves , w ith  a phase  speed  c be low  a critica l  v a lu e  v^g , has  b e en
n o te d  e a r l ie r  b y  U bero i  (1 9 8 2 )  for a sing le  su r fa c e  of d is c o n t in u i ty  
s e p a ra t in g  tw o  e x tre m e ly  lo w -b e ta  p lasm as, w h e re a s  th e  ex is tence  of a 
c r i t ic a l  ang le  of p ro p a g a t io n  fo r  such  f a s t  su r fa c e  w a v e s  h a s  b e e n  
suggested  b y  Rae and  R oberts  (1983). We also no te  th a t  th e  k ink  surface  
m ode  m e rg e s  w i th  th e  f u n d a m e n ta l  m a g n e tic  Love m ode  a t  som e 
in te rm e d ia te  v a lu e  of the  w a v e  n u m b e r  ky.
The (ap p rox im ate )  asym p to t ic  fo rm u la e  for the  f req u e n c ie s  of th ese  fas t  
m odes are  p re se n te d  be low  in the  l im it of long w a v e le n g th  of p ro paga t ion  
and for a large ang le of p ropagat ion  0 ~ n/2.  We have
co^  ~ kyVAgSec^0 [ l -(kya)^ tan^0  sin^0] ( 2 .2 1 )
for the  fu n d a m e n ta l  P ekeris  mode;
CO
V
1+ - (k„a)^(cse-CTe)
4Ao^^y
( 2  2 \  2 \  ^Te ^Ao /^Te
sec^0 ( 2 .2 2 )
for the  fa s t  sausage surface  mode; and
(kya)tan0 (2.23)
for th e  fu n d a m e n ta l  Love mode. In  d e riv in g  fo rm u la e  (2.2 1 )-(2 .23), w e 
h av e  a ssu m e d  for sim p lic ity  th a t  v ^ g  >> Cgg and Cgg ~ c^g -  0. We f u r th e r
note  th a t  Eq. (2.23) suggests  a rap id  exponen tia l  decay  for the  b e h av io u r  of 
th e  p h a se  sp eed  c of th e  f u n d a m e n ta l  Love m ode w i th  d im e n s io n less  
w a v e n u m b e r  k y a  (see  Fig.2b, c). For th is  b e h a v io u r  of th e  m ode, an
e s t im a te  of th e  f r e q u e n c y  of the  (ex te rn a l ly  fas t)  fa s t  surface  mode w hich
51
is an ex tens io n  of the  fu n d a m e n ta l  m agnetic  Love mode for large  ang le  of 
p ropaga t ion  0 (> 0gg : see discussion above) cannot be g iven  from  Eq. (2.23)
at a w a v e le n g th  in te res tin g  for p rom inence  oscillations. For exam p le ,  w i th  
Pg/Pg = .008 and 0 ~  76°, Eq. (2.23) p red ic ts  an im a g in a ry  f r e q u e n c y  for 
th is  m ode  e v e n  for k ^ a  as sm a ll  as 0.04. Due to such  d iff icu l t ies , an 
e s t im a te  of th e  f r e q u e n c y  of th is fa s t  surface  mode is b e s t  g iven  b y  the  
f re q u e n c y  in te rv a l  in w hich  the  surface  mode exists; thus
^y^co ^y^AoSecO > CO > kyV^^ kyCy^ . (2 .24)
2.4 Periods of oscillations of the  mode l p rom inence
Having d iscu ssed  th e  g e n e ra l  p rob lem  of n o n -p a ra l le l  p ro p a g a t io n  in a 
p l a n e - p a r a l l e l  p la s m a  s lab , w e  no w  t u r n  to a d is c u s s io n  of th e  
c h a ra c te r is t ic s  of th e  e ig e n m o d e s  th a t  m ay  be p r e s e n t  in th e  slab. To 
m ode l  the  e ffect of the  fin ite  ex te n t  of the  p rom inence  slab in the  Y and Z 
directions, w e  im pose  periodic b o u n d a ry  conditions, n am e ly  th a t
'I^(x, 0, 2 . t) = 'P(x, L, z, t) and Y(x, y, 0, t) = Y(x, y, H, t). (2.25)
Equation (1.9) th en  tak es  the  form
Y(x, y, z, t) = Y(x) e loot ^sink^.y sinkgZ^coskyy coskgZy (2.26)
r e p r e s e n t i n g ,  r e s p e c t iv e l y ,  th e  odd  and  e v e n  p a r t s  of th e  r e a l  
e igen function  w i th
mjc m i
ky = “YT ■ = I f  • m ,n  =1,2,3.......   (2.27)
w h e re  the  in teg e rs  m and n describe  the  moda l s t ru c tu re  along the  len g th  
and the  h e ig h t  of th e  m ode l  p rom inence  slab. This r e p r e s e n ta t io n  of th e  
s t a t i o n a r y  e ig e n m o d e s  of th e  p ro m in e n c e  s lab is s im i l a r  to th e  
r e p re se n ta t io n  of the  modes of v ib ra t io n  of a rec tan gu la r  e lastic  m em b ran e  
(cf. R oberts ,  199 1 c; J o a rd e r  and  R oberts , 1992a,b,c; 1 9 9 3 a ,b )  t h a t  is 
c la m p e d  a t  i ts  e d g es ,  an d  fo r  w h ic h  on ly  th e  od d  p a r t s  of th e
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e igen fun c tion s  (2.26) are  a llowed, as the  d is tu rb an ces  v a n is h  at all po in ts  
on th e  ed ges  of such  an e las t ic  m em b ran e ;  see, for e x am p le ,  Rayle igh, 
(1877), Coulson (1955).
In  w h a t  follow s, w e  c o n c e n tra te  on th e  m=n= l osc i lla t ions, as such  
principa l  e igen m odes  of oscillation are expec ted  to have  m axim um  e n e rg y  
densities  in p rom inences. Taking 2 a= 5000 km, L = 2 1 0  ^ km  and H = 5 10^
km  (see. Section 1 .1.2), w e  th en  obtain  kya ~ 0.04, and 6 =tan"^ ÿ  k  7 6 °  for\  J
the  p r inc ipa l  e igenm ode  of the  m ode l p rom inence . I t  is im p o r ta n t  to  no te  
th a t  the  ang le  of phase  p rop aga t ion  0 does not hav e  any  s tr ic t ly  phys ica l  
s ignificance in th e  context of the  s ta tio n ary  eigenm odes of the  p lasm a slab. 
H ow ever, it is c o n v en ien t  to re ta in  this no ta t ion  as a w a y  to d escribe  the  
ra t io  of th e  tw o  w a v e n u m b e rs  along the  leng th  and h e ig h t  of the  m ode l  
p rom inence .
For th e  p la sm a  p a ra m e te r s  in s ide  and o u ts id e  th e  p ro m in e n c e ,  w e  
choose the  i llustra tive  va lues  of Section 2.3, nam e ly , Cgg = 15 k m s “^ and Cg^
= 166 k m s '^  We consider two d iffe ren t  m agnetic  field s treng th s ,  n a m e ly  B 
= 4 G and  B = 12 G, the  second choice re p re se n tin g  a fie ld s t r e n g th  in an 
averag e  p ro m inence  situa tion  and the  f irs t  choice re p re se n t in g  a m in im um  
fie ld s t r e n g th  o b se rv ed  in p rom inences  (see Jensen  and Wiik, 1990, Tab le 
1.1). Calcu lations ca rr ied  out w ith  a m uch h igher  m agnetic  fie ld s t r e n g th  
(say, B=20 G) lead to much the  sam e conclusions as for B =12 G, th ough  the  
n u m erica l  v a lu e s  of the  periods are reduced.
For th e  ab o v e  cho ice of physica l  p a ra m e te r s ,  th e  p ro p e r t ie s  of th e  
p r in c ip a l  m odes of oscillation of the  p rom inence  slab a re  su m m a riz e d  in 
T ab le  2.1 (see  a lso J o a r d e r  and  R o b e r ts ,  1 9 9 2 a ) .  A long w i t h  th e  
n u m e r ic a l ly  ca lcu la ted  v a lu es  of th e  periods, w e give a lso an o rd e r -o f -  
m ag n itu d e  e s t im a te  for the  periods in this tab le . We m ay a lso no te  th a t  
the  n a tu re  and the  n u m b e rs  of the  e igenm odes th a t  m ay be p re s e n t  in the  
p ro m in en ce  slab change so m ew h at as w e increase  the  fie ld s t r e n g th  from  
its low (B = 4 G) to high( 12 G) va lues. This is because  the  critica l ang les 0gj 
and  0 g2 (> 0 gi) d e c re a se  w i th  in c re as in g  m agne tic  f ie ld  s t r e n g th  [see 
Eq.(2.13)]. As a re su l t ,  th e  m agnetic  Love mode tu rn s  in to  a f a s t  k ink  
su rface  m ode in th e  h igh  m agnetic  fie ld s t re n g th  case. In  add it io n , w e  
o b ta in  one more fas t  sausage surface mode (see Section 2.3) in the  case of 
th e  p ro m in e n c e  slab w ith  a h igh m agnetic  fie ld s tre n g th .  Our n u m e r ic a l  
ca lcu la t io n s  w i th  p ro m in e n c e  p a ra m e te r s  f u r t h e r  su g g e s t  th a t  the  
ex is tence  of the  cu t-o ff  frequencies , th a t  may, in princip le , be p re s e n t  for
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T ab le  2 .1 . The p er io ds  of  the principa l  (m =n=l)  e ig en m od es  of the slab 
p ro m in en ce  for 0=tan~HL/H)  -  76°, and for two  d ifferent  va lu es  of the  
magnetic  f ie ld  strength.
Name of the  mode
Periods
iBI = 4.0 G
®cl ~ %2 
~ 80°
IBI =12.0 G
^cl ~ ^c2 
= 65°
F u n d a m en ta l  slow body  sausage mode 
(x ~ 2 L / C y o )
9 h r 8  h r
F u n d a m en ta l  slow body  k ink  mode 
(x -  2 L/Cyo)
9 h r 8 h r
(Externa lly  slow) Fast sausage surface 
mode 
(x ~ 2 L/Vao)
5 h r 90 min
(E xterna lly  slow) Fast k ink surface mode 
(2L/CYe < X < 2L/c%)
1 1 0  min 40 min
(Externa lly  fas t)  Fast sausage surface mode 
(x ~ 2 L/c^g)
40 min
(F u n dam en ta l  Love mode) 
or
(Externa lly  fas t)  Fast k ink  surface mode
/ 2 L  \_  COS0 < X < 2 L / C y _l^Ao j
48 min 3 5  min
F u n d a m en ta l  Pekeris  mode
r  2 L AX ~ COS0 
V Ae J
6 min 3 min
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Tab le 2. 1  (contd.)
Name of the  m odes Periods
1st Harm on ic  Love modes 
f  4a ^r "  v , j 5 min 2  min
c e r ta in  fa s t  body  m odes of the  p lasm a slab (see discussion in Section 2.2), 
a re  no t l ike ly  to a lte r  the  osc i lla tory  p ro p e r t ie s  of at lea s t  th e  p r in c ip a l  
( fu n d a m e n ta l )  n o rm a l  m odes of the  slab for w a v e le n g th s  in te re s t in g  for 
p rom inence  oscillations (as is typica lly  show n in Table 2.1),
2.5 Discussions
We no te  th a t  the  periods of some of the  norm a l  m odes d isp layed  in Tab le
2 . 1  show  an in te re s t in g  s im i la r ity  w ith  the  periodicities ac tua l ly  fo und  in 
the  o b se rv a t io n s  of p rom inence  oscillations (Table 1 .2 (a)-(c)). For exam p le , 
the  (e x te rn a l ly  slow or fas t)  fa s t  sausage and k ink  su rface  m odes, or the  
f u n d a m e n ta l  m agne tic  Love m ode (in the  case of the  slab w i th  w e a k e r  
m agne tic  f ie ld  s t re n g th )  typ ica l ly  show  periods th a t  a re  in th e  ran g e  of 
1 / 2 - 2  hr. Such periodicities  are  con s is ten t  w ith  the  o b se rv e d  long period  
osc i lla t ions in p ro m in en ces . S im ilar ly , th e  f u n d a m e n ta l  of th e  m agne tic  
P ek e ris  m odes and  the  1st ha rm on ic  of the  m agnetic  Love m odes p re s e n t  
periodic ities  th a t  a re  sim ila r  to the  short periodicities ( 1 - 5  m in) o b se rv ed  
in p ro m inence  oscillations. In te rm e d ia te  periodicities in the  range  of 10-20 
m in u tes  are not o b ta in ed  in th is  ca lcu lation for a m ode l p ro m in en ce  slab 
w ith  a p u re ly  long itud ina l  m agnetic  field, at least for the range  of v a lu e s  of 
the  p rom in ence  p a ra m e te rs  considered  here.
The ex is tence  of the  (ex te rna l ly  slow) fas t  kink surface mode and e i th e r  
of the  fu n d a m e n ta l  m agnetic  Love mode (in the  case of a w e a k  m agnetic  
fie ld) or the  (ex te rna l ly  fas t)  fas t  k ink  surface mode (in th e  case of average  
or strong  m agnetic  fie ld) is, how ever, of some in te res t.  Eqs. (2.5), (2.6) and
(2 .9 )  s u g g e s t  t h a t  fo r  th e s e  m odes , th e  a m p l i tu d e s  of v e lo c i ty  
p e r tu rb a t io n s  at e i th e r  of the  tw o  in te rfaces  (x = ± a) of th e  p ro m in e n ce  
slab sa tis fy  the  condition
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Vx Vx C.|tanh(kya Mg)l, (2.28)
w h e re  the  q u a n ti ty  C d e p en d s  on the  freq uenc ies  of the  m odes. For k^a << 
1 (as is th e  case for prom inences), both  and C are of o rd e r  of unity , thus
g iv ing VzVx Vx << 1 in  th e  l im it of long w a v e l e n g th s  (w ith  th e i r
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n u m er ica l  v a lu e s  being < 0 . 2  for our specific p rom inence  p a ra m e te rs ;  see
Jo a rd e r  and  Roberts , 1992a). The am p l i tudes  of the  v e loc i ty  p e r tu rb a t io n
p e r ta in in g  to th e se  fa s t  k ink  m odes a re  th e n  p re d o m in a n t ly  in th e  x-
d irec tio n . The m odes p e r ta in  to la te ra l ,  sy m m e tr ic  o sc i l la t ion s  of th e
in te rfaces  of the  p rom inen ce  slab, and are th e re fo re  so m e w h a t  ana logous
to th e  m odes of v ib ra t io n  of an e la s t ic  m e m b ra n e  (see Section 1.4.2,
C hapter I) w i th  th e ir  the  periods (see Tab le 2.1) being co n s is ten t  w ith  the
ap p ro x im a te  e s t im a te s  g iven  in Section 1.4.2 [see Eq.( 1.35)1, a lth oug h  th e ir
n u m erica l  v a lu es  are now  changed  so m ew h at due to the  m ore com p l ica ted
s itu a t io n  co n s id ered  here . The ap p ea ra n c e  of two such k ink  m odes is, of
course , d u e  to th e  inc lusion  of th e  e x te rn a l  co rona l m e d iu m  in  o u r
ca lcu lation. S im ilarly, the  appea rance  of the  long period (ex te rn a l ly  slow or
fa s t)  f a s t  sau sage  su rface  m odes is due to the  c o n s id e ra tio n  of a f in ite
w id th  to the  p rom inence  slab, and there fo re , cannot be p red ic ted  from  the
in fin ite ly  th in  sh e e t - ty p e  m ode ls of p rom inences p re sen te d  by  Kleczek and
K uperus (1969) and Roberts (1991c).
In our descrip tion  of the  oscillatory motion of a m ode l p rom in en ce  slab,
w e h a v e  c o n f in e d  o u rs e lv e s  to th e  n o rm a l  m odes of th e  s lab . The
in v e s t ig a t io n  of such  n o rm a l  m odes  is of p r im a r y  i n t e r e s t  in  th e
o b s e rv a t io n s  of o sc i l la to ry  m otions in p ro m in e n ce s .  A p a r t  f ro m  such
n o rm a l  m odes of oscillation, w e  may, how ever, also ob ta in  le a k y  m odes in
the  p rom inen ce  slab. L eaky  m odes correspond  to the  p ropagat ing  solutions 
2(Mg < 0) of Eq.(2.4) ou ts id e  the  p rom in ence  slab (lx| > a), and  decay  in
tim es th a t  are  com parab le  to th e ir  periods of oscillation; see Section 2.2. In 
th e ir  m ode l  of w ink ing  fi lam ents , Kleczek and Kuperus (1 9 69 )  p red ic ted  a 
period  of a b o u t  2 0  m in u tes  for such in te rm i t te n t  m odes in p ro m in en ces  
(see Eq. 1.35, Section 1.4.2). In our ca lcu lations, such leak y  m odes a p p e a r
w ith  frequ enc ies  in the  range  kyC^g < co < kyV^g . thus p resen tin g  a period of
a b o u t  4 0 -5 0  min. H ow ever, as w ith  th e  long period  n o rm a l  m odes (see 
Tab le  2.1) of the  slab, the  periods of leaky  modes scale ro u g h ly  w i th  the
len g th  (L) of the  p rom in en ce  slab, th u s  decreasing  to ab o u t  2 0  min if the  
leng th  of the  p rom inence  is reduced  b y  a factor of tw o or so.
F inally, w e  m ay h e re  note  tha t, in spite  of th e ir  a p p a r e n t  s im i la r i ty  to 
th e  o b s e rv e d  osc i lla t ions in p ro m inen ces , th e  m odes d e sc r ib e d  in th is  
c h ap te r  do no t re p re s e n t  a t ru e  p icture  of the  rea lis tic  s i tua tio n  p re s e n t  in 
q u ie sec en t  p rom inences . The sma ll t r a n s v e rse  com p onen t of th e  m agnetic  
fie ld ignored  in this p re se n t  ca lcu lation may, in fact, com p le te ly  change the  
m oda l  s t ru c tu re  of the  p lasm a slab. In the  next chap ter, w e  th e re fo re  go on 
to a con s idera tion  of th is w e ak  t r a n s v e rse  m agnetic  fie ld co m p o n en t a lone, 
n e g le c t in g  th e  d o m in a n t  lo n g i tu d in a l  m ag n e tic  f ie ld  c o m p o n e n t  in 
p rom inences. A cons idera tion  of a t ra n sv e rse  m agnetic field, along w i th  the  
condition  of l ine-ty ing , in tro duces  new  m odes th a t  are  no t p re s e n t  in th e  
sim p le  slab m ode l w i th  a long itud ina l  field.
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Chapter III
The slab with a purely transverse magnetic field
3.1 Introduction
In Chapter II we described our first attempt to develop a theoretical model 
of the oscillations in quiescent prominences in terms of the vibrations of a 
dense plasma slab within which is embedded a longitudinal magnetic field.
Such a representation of a prominence was also used by K leczek and 
Kuperus (1969) - see Section 1.4.2, Chapter I and gives emphasis to the 
dominant component of the magnetic field that threads a prominence. 
However, observations show that the magnetic field in a quiescent 
prominence makes a small angle of approximately 2 0 ° with the long axis of 
the prominence; see discussions in Chapter I, Section 1.1.2. W ith a resultant 
magnetic field of magnitude 4-20 G in quiet regions (Table 1.1, Chapter I), 
this produces a longitudinal component with a field strength of 3.8-18.8 G, 
and a weaker transverse component of 1-7 G. In Chapter II we discussed 
the consequences of a longitudinal field, ignoring the weaker transverse 
component. Here, we turn to a consideration of the effect of a transverse 
component, now ignoring the effect of the longitudinal field (see also |
Joarder and Roberts, 1992b,c). The combined effect of both components is 
reserved for Chapter V.
We found in Chapter II that in the case of a longitudinal field, long- 
period (about 1 hour) oscillations were principally given by the fast 
surface modes of the slab. Some of these fast surface modes (the fast kink 
surface modes) are somewhat analogous to the classical modes of vibration 
of an elastic membrane (Roberts, 1991c; Joarder and Roberts, 1992a, c).
Shorter period oscillations, in the range 3-5 minutes, were produced in this 
model by magnetic Pekeris modes and magnetic Love modes (Joarder and 
Roberts, 1992a, c) which are ducted fast body waves; see Edwin and 
Roberts (1982, 1983), Roberts et al. (1984) and Edwin et al. (1986). 
Intermediate periodicities, in the range 10-20 minutes, that are observed 
in prominence oscillations (cf. Table 1.2(b), Section 1.2.3), were absent in 
the model investigated in Chapter II.
Here we consider the influence of a transverse fie ld, which
Kcorresponds to the case 6 = ^  in Fig. 1.5 of Chapter I. We show that in this 
model oscillations with periods of the order of 1 0  min are in fact produced.
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Such periods resu lt from trapped magnetoacoustic modes (fast or slow, 
depending on the relative magnitude of the sound speed to the A lfven 
speed in the transverse component of the field) in prominences that have a 
period of twice the acoustic travel time across the prominence slab.
We find too that there are modes with periods in the range 1/2-1 
hour. These are produced by waves that reflect o ff the boundaries at 
which the magnetic field is anchored. The magnetic field of a prominence is 
anchored in the dense photosphere, producing a line-tying effect (see 
Sections 1.4.3 in Chapter I). Line-tying is represented in our model by 
walls placed on either side of the prominence slab. It resu lts in an 
oscillation of period x given approximately by (Section 1.4.3, Chapter I)
X = ^ y j c a ,  (3.1)
where v is the field-aligned (fast or slow) magnetoacoustic speed within 
the prominence sheet of width 2 a and line-tied at a distance C on either 
side of the prominence centre. In Chapter I we saw that such modes are 
ana logous to the fundam enta l modes of vibration of a m ass-loaded 
stretched elastic string and present long periodicities of about an hour for 
parameter values that are relevant to the observations of solar quiescent 
prominences (see also Roberts, 1991c; Joarder and Roberts, 1992b, c).
Motivated by this analogy, we model the prominence by a plasma 
slab of infinite extent in the y-direction, of dimension H in the z-direction, 
and of width 2a ( «  H) in the x-direction. The effect of gravity is ignored.
The slab o f density Pg and temperature Tg is embedded in a uniform
plasma of density Pg and temperature Tg. Pressure balance demands that 
pgTg = pgTg, for jj. to bc taken the same inside and outside the prominence.
The p lasmas inside and outside the slab are permeated by a uniform
magnetic field B = Bx in the x-direction. The equilibrium we consider here 
corresponds to the case <j) = tc/2 of Fig. 1.5 of Chapter I, with L oo. T h is  
equilibrium configuration is shown in Fig. 3.1. The magnetic field lines are 
considered to be anchored at rigid walls located at x= ± C on either side of 
the prominence slab, and representing the effect of inertial line-tying of 
the field lines in the photosphere.
The prominence model we are considering is thus somewhat similar 
to the c lass ica l  K ippenhahn-Sch luter (1957)-type equil ib rium  models 
(described in Section 1.1.3 of Chapter I), where the two- dimensional
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Fig. 3.1. A schematic diagram showing the model prominence slab with a transverse magnetic field.
prominence slab is assumed to reside in a magnetic arcade (cf. Fig. 1.1(a)), 
the foot-points of which are tightly anchored at the opposite line-of-sight 
magnetic polarity regions of the photosphere. As a first approximation, we 
here consider the magnetic field lines of the arcade to be flat (horizontal). 
As we are confining ourselves to a zero gravity model, we here also ignore 
a small dip at the top of the magnetic arcade , at the site of the 
prominence, that is present in the Kippenhahn-Schluter equilibrium model 
and provides the prominences with the necessary support against gravity. 
We may note that, apart from producing a small dip of about 10° in the 
magnetic field lines (cf. Section 1.1.2, Chapter I), gravity p lays an 
otherw ise  passive role in the K ippenhahn-Sch luter-type prom inence 
model, where the prominence is assumed to be essentially unstratified in 
the vertical (z) direction. The periods of the modes of oscillation that are 
present in the calculations of this chapter are, therefore, expected to be 
similar to those periods that may be present in models of the Kippenhahn- 
Sch liiter-type. Recent resu lts of O liver et al. (1992c) confirm  this 
supposition. We examine this similarity in greater detail in Chapter IV.
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3.2 Derivation of the dispersion relation
3.2.1 Basic equations :  The linearized MHD equations representing small 
perturbations about the equilibrium  configuration of Fig. 3.1 can be 
obtained from Eqs. (1.10)-(1.14) of Chapter I on substituting By = = 0, B^
= B = IBI, ky = 0 and Vy =0. The continuity equation then takes the form
dvlœp + Po X + ik^Vg I = 0 , (3.2)
while the momentum equation yields
i“ P o ' ' x + ^  = 0 . (3.3a)
BimpoV^ + ik^p + — i k ,b db,A = 0. (3.3b)
The induction equation gives
B k.vz ' z , B^Vg,
CO , b  ^ ico d X ’ (3.4)
and the adiabatic equation is
(3.5)
From Eqs. (3.2)-(3.5) we may obtain the relationships between the various 
p e r tu rb a tio n s :
-1 d-W
z -   ^ /  2  1 2 2^kJco^-k^Cf ^ dx^
+
V
d V
dx
J
(3.6)
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p = IpoCO 2 2 \ ico^-k^Cf
2 2
A°s dx^ + c
2 2\ d Vco^-k^c^ dx (3.7)
t>z =
fd^v co
dx + (3.8)
E limination of the pressure perturbation p, density perturbation p 
and the perturbation in the magnetic field (b^, 0, b^) from Eqs. (3.2)-(3.5)
yields two coupled, second order ordinary differential equations in the 
velocity perturbation (v^, 0, v^). These are#
a n d
+ ik dvz d 7 r  “ (3.9)
''A d x 2" + ^0)2
2 2 \ dvk^Cf K  + ik^Cs - ^  = 0 , (3.10)
where = 2 \ l /2Cg + V A 1 is the magnetoacoustic fast speed (cf. Section 1.3.2,
Chapter I). Further elimination from Eqs. (3.9) and (3.10) in favour of the 
component of velocity perturbation v^ yields the follow ing fourth order
ordinary differential equation (cf. Joarder and Roberts, 1992b)
2 d^v.
dx' +
2 . 2  2 \d 2 y^ + ”T -  k (3.11)
Here c^ c^vs^A is the magnetoacoustic cusp speed (cf. Section 1.3.2, Chapter
I). Eqs. (3 .2 )-(3 .11) apply both inside (Ixl < a) the slab (where the 
unperturbed density is and Cg = Cg ,^ v^ = v^g, = Cf^, and c^ = c^^) and
outside (a < 1x1 < C) the slab (where the density is Pg and Cg = Cgg, v^  = v^g, 
Cf = C|-g, and c^ = c^g).
6 2
For a uniform unbounded medium, we can substitute dv^/dx 
in Eq. (3.11) to give (v^ =^0)
c û W c f f k x  + k ^ U k x f k x  + k 2 \ (3.12)
This is the standard dispersion relation for magnetoacoustic waves in a 
uniform medium with ky = 0, k^ = kcosG and k^ = ^k^+k^j ; see Section 1.3.2,
Chapter E We note that the Alfven waves, having a velocity perturbation 
in a direction normal to both the unperturbed magnetic field and the 
direction of propagation, are absent in this case due to our assumption of
ky = Vy = 0 .
The symmetry of the basic equilibrium configuration in Fig. 3.1
suggests that the solutions of Eq. (3.11) may be divided into even and odd 
solutions. As in Chapter II, the eigenmodes represented by these two
groups of solution will be called kink  and sausage  modes. This is a
geometrical classification of the modes (see Roberts, 1981b; Edwin and
Roberts, 1982, 1983), centred on the distortion of the slab as seen from the
side. A symmetrical compression or rarefaction resembles the kink mode 
of a magnetic slab (or tube) and disturbs the centre (x=0 ) of the slab; an 
anti-symmetrical distortion resembles the sausage mode of a slab (or tube) 
and leaves the centre of the slab undisturbed.
The solutions of Eq. (3.11) for the regions inside the slab (Ixl < a) can
thus be written in the alternative forms
v^(x)
B jco s  kgX + B 2 C0 S kgX
B js in  kgX + B 2 sin  k^x
, 0  < X < a, (3.13)
where the symmetric (cosine) solution corresponds to the kink modes, and 
the anti-symmetric (sine) solution corresponds to the sausage modes. Here
B j ,  B2 are arbitrary constants and the wavenumbers k^ and k^ are given
b y
hr , 2 1 \ f 0)  ^ 2 V
“  2 2 “ ^ z -  2< 2 + ^ z
^To °ToV V y
-4 œ2 2 
°To°fo
1/2
(3.14)
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The solutions outside the slab can be written in the general form
Vx(x) = A^exp|ikg(x-a)i + A2exp|-ikg(x-a)[ + A^expjikg(x-a)
+ A^exp -ikg(x-a) , (3.15)
w h e re
CO
2
^Te
k
V
2 + 
'Te
CO
'  2 2 (^Te^fe
1/2
(3.16)
and A j, A2 , A3 , A4 are arbitrary constants.
+The quantities k~  ^ are simply the field-aligned wavenumbers of the
magnetoacoustic waves inside and outside the slab, with ’+' representing 
the slow waves and representing the fast waves (note the diffrence in 
notation from that given in Eq. (2.1) of Chapter II). For each of the media 
inside and outside the slab, these wavenumbers are given by the two 
solutions of the quadratic (in k^) equation (3.12), The normal modes of the
equilibrium configuration (Fig. 3.1) associated with these wavenumbers
will accordingly be referred to as the (slow or fast) internal modes and the
(slow or fast)  external modes, respectively. The former group of modes
arise principally from the magnetoacoustic properties of the p lasma slab,
though they are also somewhat influenced by the external plasma because
of the presence of the free interfaces of the slab. The external group of
m odes are, on the other hand, in f luenced  p r in c ip a l ly  by the
magnetoacoustic properties of the medium outside the plasma slab. Note 
+that k_ _ are real and positive, whereas ko,e o,e may be real or pure imaginary
depending on whether co  ^ > k^c^^  ^ or co  ^ < k^c^^  ^ (cf. Schwartz and Bel,
1984a). Neither of these four quantities can, however, be complex as Eqs.
2 2(3.14) and (3.16) then demand that Cy  ^> Cfo e ’ ^kich is not possible.
3.2.2. B o u n d a ry  co nd it ion s :  The six arbitrary constants in Eqs. (3.13) 
and (3.15) are determ ined by the appropriate cho ice of boundary 
conditions. At the free interfaces x = ± a of the slab, we impose the MHD
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boundary conditions given by Goedbloed (1983). The linearized form of 
these boundary conditions, obtained by integrating the MHD equations 
(1 .1)-(1.5) [cf. Section 1.3.1, Chapter I] across arbitrary surface of 
discontinuity in the plasma, are:
[ n „ . v ]  = 0 ,  (3.17)
l^n^.b + H j .B  j  = 0 , (3.18)
p + ^ ( B . b )  = [ p t ] = 0 ,  (3.19)
n^j.B [n^jX b + n ^ x  B] + (n  j .B  + n^ . b ) [n^,x B]= 0 , (3.20)
n(,.B[iiQX v ]  = 0  , (3.21)
and
n „ . e [ v . B ] = 0 .  (3.22)
Here and are the unit vectors normal to the unperturbed and the
perturbed boundaries, respectively. The quantity [f] = C ' - f  represents the 
jump of a function f(x) across the boundary. The normal vector is given
by the condition
(n^ + n j) .  I dl^, + ( d lo .V ) ( v 0 t ) |  = 0, (3.23)
where d l^  is any line element on the unperturbed interface.
For the specific situation considered here, these conditions imply that
Vx, Vg, p and b^ are continuous across x = a. (3.24)
For the remaining two boundary conditions, we impose the 'line- 
tying boundary conditions’ at the walls x = ± C, rep resen ting  the 
chrom ospheric-photospheric  boundaries at which the fie ld lines are 
anchored. We thus obtain (see Section 1.4,3, Chapter I)
Vx(x) = Vg(x) = 0 at X = ± C . (3.25)
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3.2.3. T he  d isp ers ion  re la t ion : Application of the boundary conditions 
(3.24) and (3.25) to the solutions (3.13) and (3.15) leads to the governing 
dispersion relations.
W rite
X = k^Cg + (0^ A (3.26)
Y = k^Cg + co^
r  2 \^A ;_2 2 - k  v ^ , (3.27)
_ 2 /  2 , 2 2 \  , + 2 2 2E = Cf CO -kj^c^ I - k^ v^Cg, (3.28)
_  2 /  2 1 2 2 \  , _2 2 2 F = Cf co^-k^CT - k v^Cg, (3.29)
V /
where these quantities have their appropriate values, X^, Y^, E^ and and 
Xg, Yg, Eg and Eg, in the regions "o" and "e", respectively. We further define 
the follow ing quantities:
( \
J
1 CO + c A +2se ke - ko
Q i
V (3.30)
^sc
V y
+ Cgg2 A - 2  , _2 \e " o
Q2 V y
'se
y +2  _ 2 \
ko -ko
(3.31)
irco 2-k^4> t(^X oE ,-X eE o)
R,
“ ^-kzCfe>;(XoFo-YoEo)
(3.32)
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^0)2-k^Cf^ojk;(TiXoF,-Y,Eo)
2 2«)^-k,Cf,to(XgFg-YgEg) (3.33)
^Q,2 -k^c?o\;(TlY„E,-X ,Fo)
-  ) , . ,2  u2„2  v +»'-kzCfejk;(YoEo-XoFo)
(3.34)
“ ^-kzCfojk;(iiYoF,-FoY,)
“ '-k"c?ejfCo(YoEo-XoFo)
(3.35)
- 1
A ( 4-2 +2 \  
e "kgy V y
y _2 +2 \
ko -ko 'se
(3.36)
n
- 1 + c se A -2  , + 2 ^k g  - k g
Z2 = /  . 2  +2 ^
ko -k o 'se
(3.37)
“‘X  ,
(3.38)
The dispersion relation for the kin/c modes can then be written as (see also 
Joarder and Roberts, 1992b)
67
(iQ2Zj-iQiZ2)[^siii|kg(C-a)|cos|kg(t-a)|+ixsin|kç(D-a)|cos|kg(C-a)|
+xtan(kQa)tan(kQa) +
i S 2 Z i t a n ( k Q ) - i Q i R 2 t a n ( k Q )  
(RgS.-RiSz)
Q2R jtan(k^a)-S2Z2tan(kQa)
sin|kç(D-a)|siii|kg(C-a)|-ixcos|kg(C-a)|cos|kg(D-a)|
+(Q lR l+ xQ2Ï^2)tan(koa)-(SiZi+xS2Z2)tan(kôa) +
cos|kg(C-a)|sin|ke(C-a)|+ixsm|kç(C-a)|cos|kg(D-a)
cos|kg(C-a)|cos|kg(C-a)|+ixsiii|kg(C-a)|siii|kç(C-a) 
=  0 .  (3.39)
The dispersion relation for the sausage modes follow from Eq. (3.39) on 
replacing "tan" by cot".
3.3. Solution of the dispersion relation
3.3.1. S tr ing  ana log ies in the long w ave length lim it: The dispersion 
relation (3.39) governing the various modes of oscillation of the p lasma
slab is too complicated to permit us to immediately draw any conclusions 
as to the nature of the modes it describes. However, we examine its
properties in the extreme of small k^D. In this limit of long wavelengths
(k„C «  1), Eqs. (3.14) and (3.16) take the following simplified forms:
CO CO
o min(v^(),Cgo) '  ^ min(vAg,Cgg) '
CO
o max(v^Q,cso) ’
CO
max(vAe,Cg^) ' (3.40)
With these simplified forms, the dispersion relation for the kink modes 
reduces to (see also Joarder and Roberts, 1992b)
^Pe^i/2 co(C-a)cot - t a 11"coa'se so ^Poy
coa co(C -a)t a n  + tanAc Ae 0. (3.41)
68
The dispersion relation for the s a u s a g e  modes in the long wavelength
extreme follows by replacing tanCcoa/Cg^) by - cot(coa/CgQ) and tan(coa/v^Q) 
by - cot((oa/v^g) in Eq. (3.41).
It is of interest to note that the two square bracketed terms in
Eq.(3.41) are in fact identical to the dispersion relations for the even and 
odd modes of vibration of a two density elastic string (Oliver et al. 1992c) 
with v^g , Cgg and v ^ ^ ,  Cg^  replaced by the elastic speeds Cg and Cq in the
two density regions of the string. The analogy of Eq.(3.41) to the dispersion 
relation of the vibratory modes of a mass loaded elastic string was pointed
out earlier by Roberts (1991c) and Joarder and Roberts (1992b, c). To
appreciate further this analogy, we consider the limit 2 a - 4  0 , oo such
that 2apQ M. The dense slab reduces to a point mass M in this limit, and 
the first square bracketed term in Eq. (3.41), representing the even modes 
of vibration of the string, reduces to the form (see Roberts, 1991c)
coC— tanc^ M (3.42)
This is the dispersion relation for the vibratory modes of a point mass M 
attached to the centre of a stretched string of mass density pg (Ray le igh,
1877).
In the case of a point mass M, the dispersion relation for the odd 
modes [obtained from the second square bracketed express ion  of
/coC^Eq.(3.41)], yields tan cot / /0, thus giving = v  tc (v = 1 ,2 ,3 .. .) .  This is
because, the odd modes have no displacement at x=0 , and so in the point 
mass analogy these are external modes of the string, rather than the 
modes of the mass M itself.
Eq. (3.41) affords us with a means of classifying the various modes of 
the plasma slab in their long wavelength extreme. To shed further light on 
this classification, we discuss separately two cases of interest, namely, (i) 
when both the acoustic speeds internal and external to the slab are less 
than the respective Alfven speeds in the two media (so that Cg  ^ < v^^ and 
Cgg < v^g); and (ii) when both the acoustic speeds are greater than the 
corresponding Alfven speeds (so that Cgg > v^^ and Cgg > v^g).
(i) . In this case the two square bracketed terms in Eq.
(3.41) represent the s lo w  and f a s t  magnetoacous tic  kink modes in their
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long wavelength (kfi  «  1) extreme. These long wavevelength kink modes 
can also be obtained directly from the differential equations (3.9) and
(3.10). In the limit of long wavelengths (k^C «  1), these two equations take 
the forms
0) 2 -
dx^ + 2 Cs
a n d
[ d 2 0)^
dx^ + 2
X = 0 (3.43)
V g = 0 .  (3.44)
In both the regions "o" and "e", the long wavelength, decoupled, slow and 
fast waves then satisfy the simple harmonic wave equation. Eq. (3.43) 
shows that the velocity perturbation for the slow waves is predominantly 
in the x-direction in this limit of long wavelengths. According ly, the 
dispersion relation for the slow modes of the slab, in the limit k^C «  1 , can
be obtained from the even (cosine) or odd (sine) solutions of Eq. (3.43)
dvafter imposing the boundary conditions (3.24) and (3.25) on v^ and p
in the limit k^t «  1). For the kink (even) slow modes this dispersion 
relation is identical to the first square bracketed expression in Eq.(3.41).
For the fast waves, Eq.(3.44) shows that the velocity perturbation 
pertaining to these waves is predominantly in the z-direction (in the limit 
«  1), The relationship between the two components (v^ and v^) of the
velocity perturbation is given in Eq. (3.6). This equation shows that an 
even (cosine) functional behaviour of v^(x) implies an odd (sine) functional 
behaviour of v^(x). Accordingly, the dispersion relation for the fast kink 
mode is given by the odd (sine) solutions of Eq. (3.44) after the application
dVyof the boundary conditions (3.24) and (3.25) on v^ and b^ [= ; see
Eq.(3.4)]. This dispersion re lation is identica l to the second square 
bracketed expression in Eq.(3.41).
Eq. (3.41) can be simplified further in the case when the plasma slab 
is much denser than it surroundings, so that pg/p^ «  1; see also Joarder
and Roberts (1992b). Such a situation is normally found in solar quiescent
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prominences. In this case, the frequencies of the slow k ink modes are 
given by
coa
'SO
v%. (3.45)
for the harmonics (v=1,2,3..........) of the internal slow kink (=IS^) modes; and
co(D-a)
^se
/V K . (3.46)
for the harmonics (v^= 1,2,3....... ) of the external slow kink (=ES^) modes.
The fundamenta l (v= v =0) of the slow kink modes is of particular 
interest. This mode is given by the lowest frequency solution of Eq.(3.41). 
In both the cases a=0 and a= t,  this fundamenta l mode presents the
coCfundamental slow kink mode of a uniform bound medium, thus giving —  =^se
coa 7ÜT and = T , respectively. For small a/L, we can, however, rewrite theZ CgQ z
dispersion relation for the slow kink modes as
tan coC
'se
tan '^cotVaV'poY^^
Ip e
rpAl /2
(3.47)
When both coC andse
coDVaY PoY^^
se are small, we obtain, from Eq. (3.47),
the follow ing formu la for the frequency of the fundamental slow k ink 
mode (see also Joarder and Roberts, 1992b, c)
'^se
t hus
t
CO = so
(Da) 1/2
(3.48a)
(3.48b)
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While deriving Eq. (3.48a, b), we have assumed ^Poy «
ra
t «  1. However,
Eq.(3.48a, b) provides a good approximation to the actual (numerically 
determined) frequency of this fundamental mode, provided a/f lies in the
range rpe l to fPel ; see also Joarder and Roberts (1993b). This fact is
demonstrated in Table 3.1, where we compare the numerically determined 
coCvalues of “ for the fundamental slow kink mode with those given by Eq.
se
(3.48a). The numerical values are obtained by solving Eq. (3.41) for 
various values of the anchor point separation distance 2t  (and hence for
various values of the ratio “  ). We considered a slab of width 2a = 5000 km
in an environment with temperature Tg = 10^ K (giving a sound speed Cgg «
166 kms"^), and a density ratio ~ ~  125. Table 3.1 shows that Eq. (3.48)
Pe
gives a good estimate for the actual frequency of the fundamental mode 
for values of the anchor point separation distance 2l  lying approx imate ly
a rPeY /2in a range of 5 10 km (corresponding to = 0.09) to 6  10^ km
(corresponding to ~ = ^Poy 0.008). Even for a value of 2 l  as small as 1.7
1 0  km, corresponding to an yPoy = 0.3, the actual frequency lies only
slightly above the value estimated from Eq.(3.48). However, Tab le 3.1 
shows that for arbitrarily large values of the anchor po int separation
distance 2C, such that ~ « ^  «  1, the approximation (3.48) breaks down
coCw ith the d im ensionless  frequency —  o f the fundam en ta l  m ode^se
Kapproaching asymptotically to a value of 2 : see the discussion above.
We may here note that Eq. (3.48) for the frequency of the 
fundamental slow kink mode is, in fact, the same as the frequency derived 
intuitively by Lamb (1910) for the fundamental vibration of a mass loaded 
stretched string; see also Eq. (1.40) in Section 1.4.3, chapter I. To
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emphasize this analogy to the fundamental vibrations of an elastic string, 
we refer to the fundamental slow kink mode as the slow string
m ode.
T ab le  3.1. The frequency of  the 'slow string' mode (ie. fundamental  slow 
kink mode) in the limit k^C << 1 for  various values of the anchor point
separation distance 2C, with ~ 166 kms~^, a -  2500 km and ~ 125.
2 C in km a
C
coC
^se
f p e Y ^ ^ / r a y / 2
IpJ  / ( f )
1 . 1 0^2 5. 10"^^ 1.5708 1.26 103
6.23 10^ 8 10-3 0 .8 6 5 0 1 . 0
5.6 lO'^ 8.9 IQ-^ 0 .3045 0 .299 1
1.67 0 .30 0.1821 0 .1 6 3 6
5 1 0 ^ 1 . 0 0 .1405 0 .0 8 9 4
Having thus discussed the behaviour of the long wavelength slow 
kink modes of the plasma slab, in a case where both the sound speeds 
internal and external to the slab are less than the respective Alfven speeds 
in the two media, we now investigate the nature of the long wavelength 
fa s t  magnetoacous tic  kink modes of the model prominence slab. The 
dispersion re lation of such modes were given by the second square 
bracketed [] expression of Eq. (3.41). When the density ratio Pg/Po
arbitrarily small, we can classify the asymptotic solutions pertaining to 
these fast magnetoacoustic kink modes in their long wavelength extreme 
as
coa 7C co(C -a) , ,= (2 p + l ) 2  and — —  = (p4 l ) 7c ; p, p/=0 ,l, 2 ....,Ao Ae (3.49)
corresponding to the internal fast kink (=IF^) modes and the external fast 
kink (sE F^) modes, respectively.
Turning now to the sausage  modes, the fundamental (p, p^=0) of the 
fast sausage modes is similar in character to the fundamental vibration of 
a mass loaded elastic string. For small pg/ pg and for small a/C the 
frequency of this mode is therefore given by Eq. (3.1), with now v replaced
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by the A lfven speed v^ q inside the slab. According ly, we refer to the
fundamental fast sausage mode as the fast  string (^Fstrlng) ^ o d e .
The other sausage modes may be considered in a sim ilar fashion. In 
the lim it of long wavelength and for an extremely dense plasm a slab, we 
find that
~ ~  = pjc, for the harmonics (p = l , 2, 3,...) of the internal fast sausage (sIF®) ^Ao
modes; (3.50a)
—— ~ = \x^ K for the harmonics (p^= l, 2, 3,...) of the external fast sausage^Ae
(sEF®) modes; (3 .5 0 b )
~  = (2 v + l) :r, V =0, 1, 2, ..... for internal slow sausage (sIS®) modes; (3 .50c)^so ^
an d
^se (v'^+1 )tc, = 0 , 1 , 2 ,....... for external slow sausage (=ES^) modes.
(3.50d)
As before, the first letter (1 or E) denotes internal or external modes, the 
second letter (S or F) represents slow or fast, and the superscript (^ or ®) 
represents kink or sausage modes.
(ii) c^g > Vy^ g. Consider now the situation where both the sound
speeds internal and external to the slab are greater than the corresponding 
A lfven speeds. The normal modes in this situation may be identified much 
as in case (i) with the names "slow" and "fast" interchanged in Eqs. (3.45)- 
(3.50).
3 .3 .2 . N u m e ric a l  so lu tio n s  o f  th e  fu ll d isp e rs io n  re la t io n :  The
investigation of the dispersion relation (3.41) for the slab modes in their 
long wavelength extreme (kC «  1 ) provides us with a means of identifying 
all the modes of oscillation of the plasma slab that appear in the numerical 
solution of the general dispersion relation (3.39) in the case when the
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4 .0 0 0
3 .0 0 0  -
2.000  -
1.000  -
0.000
-
--------------- —  fEF
.
-
_________ fIF
------------------------- IhtS
-
4T S s t t* i« S
------— ...... , ............. ,----------,---------- 1----------1----------1---------
0.00 1.00 2.00 3 .0 0 4.00
kzf
4 .0 0 0
fEF
3 .0 0 0 IhlF
IhlS
3 2.000
fES
1.000
fis
0.000
0.00 1.00 2.00 3 .00 4 ,00
F ig. 3.2a,b. Dimensionless frequency vs. dimensionless vvavenumber for (a) 
kink and (l^ ) sausage modes of the plasma slab and its environment, in a case
when CgQ = 15 kms'^, v^^ = 28 kms’ ,^ Cgg = 166 kms'  ^ and v^^ = 315 kms K The
modes are identified as fast (F) and slow (S) magnetoacoustic modes, with T' 
denoting an internal mode and 'E' denoting an external mode. The string modes 
are denoted by a subscript 'string'. The first letter in the name of a mode 
indicates whether it is a fundamental (f) or a higher harmonic (first 
harmonic Ih; second harmonic 2h, etc.)
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Fig. 3.3a,b. Frequency vs. wavenumber for (a} kink and (lÿ sausage modes of 
the plasma slab and its environment in the case when = 15 kms'^, v^
kms , Cgg = 166 kms and v^^ = 63 kms ^. 
various modes are the same as in Fig. 3.2.
'Ao
The symbols representing the
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d im ension less w avenum ber kC of the modes is of the order of unity or 
even larger. Such numerical solutions of the full dispersion relation (3.39) 
are shown in Figs. (3.2) and (3.3). Fig. 3.2(a,b) shows the various kink and 
sausage modes that are present in the plasma slab in the case when the 
acoustic speeds of both the media inside and outside the slab are less than 
the respective alfven speeds (Cg  ^ < v^^, Cgg < v^g). The diagrams 3.2(a) and 
3.2(b) are computed for a slab (prominence) density of = 2.5 10"^^ gem" 
temperature = 8000 K, and magnetic field B=5 G, giving Cg^  = 15 kms" 
\  v^Q = 28 k m s"\ Cgg = 166 kms'^ and v^g = 315 kms" ^ . The plasma slab is 
taken to be of width 2a = 5000 km and is anchored at a distance D = 10a on 
either side of the centre of the slab.
In Fig. 3.3(a,b), we present our numerical results for the various kink 
and sausage modes of the prominence slab, choosing the param eters to be 
the same as in Fig. 3.2, except for the magnetic field strength. Here we 
choose a transverse field of B=1 G, giving the A lfven speeds inside and 
outside the slab as v^^ = 6  kms'^ and v^^ = 63 kms"^ ; the acoustic speeds 
CgQ and Cgg are unchanged, of course. Fig.3.3 thus represents the case when
both the acoustic speeds inside and outside the slab are greater than the 
respective Alfven speeds (ie. Cg^  > v^^, Cgg > v^g).
In both the Figs. 3.2 and 3.3 the norm al modes show strong 
signatu res o f "avo ided crossing" or "mode coup ling" near certa in  
w avenum bers o f these m odes at w hich the asym pto tic  d ispersion  
(frequency vs. wavenumber) curves of the modes intersect each other. As
a resu lt of such avoided crossing, a splitting in the frequencies of the 
coup led modes takes p lace at the po int of crossover, genera lly  in a 
hyperbolic  fash ion. A vo ided crossings of norm al m odes have been
discussed by many authors in various contexts; see, for exam ple, Jones
(1970) for a description of avoided crossings in the context of ionospheric 
o scilla tions, P ippard (1978) in the context of the coup led e lectrica l 
resonant c ircuits, Christensen-Dalsgaard (1980) for the coup ling between 
the acoustic (p) modes and gravity (g) modes in asteroseism ology, 
Leibacher and Stein (1981) in the case of the resonant excitation of the 3 
min oscillations in solar chrom osphere due to their coup lings with the 
photospheric 5 min oscillations, and Hasan (1991), Hasan and Christensen- 
D a lsgaard  (1992) in the con tex t of the m ode coup lings o f the
m agnetoacoustic-gravity modes in sunspots.
A t the region of avoided crossing, the coup led m odes exchange 
kinetic energy between themselves, permiting a resonant excitation of one
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mode due to the coupling with another more energetic mode. Such coupled 
m odes a lso share som e com m on properties am ong them se lves, and 
therefore, a d istinction betw een the coup led modes according to their 
dom inan t resto ring  forces, or according  to the behav iour o f the 
eigenfunctions pertaining to the modes, may no longer be possible around 
a region where such avoided crossings take place. We may, however, note 
that the detailed nature of the coup ling betw een d ifferen t modes is 
sensitive  to the cho ice  o f the p a rticu la r  equ ilib rium  con figura tion  
pertaining to these modes. To draw any definite conclusions about the 
nature of such mode coupling in solar prominences, it is therefore required 
that we exam ine other, perhaps more rea listic , m agnetostatic prom inence 
equilibrium  m odels than those considered in this thesis. The m odels of 
prominences that we examine are all somewhat elementary in nature, and 
so we here avoid any detailed discussion of the mode coupling between 
various norm al modes that pertain in these basic models of prominences. 
The simple models we here examine can only give us rough estim ates for 
the periods of the fundamental modes that may exist in solar prominences. 
In the next section, we accordingly confine ourselves to a discussion of the 
periods of the fundamental modes for wavelengths relevant to prom inence 
oscillations.
3.4. Eigenfrequencies of prom inence oscillations
H aving thus solved our d ispersion  re la tion , we now exam ine the 
eigenfrequencies of the norm al modes that may be present in quiescent 
prom inences. As in C hapter 11, we consider the prom inence as a 
rectangu lar e lastic membrane. The wavenum ber of the norm al modes of 
such an elastic membrane can be expressed as (cf. Section 1.4.2, Chapter 1)
Vm^ n ^i ? ’ (3 51)
where m and n are integers describing the modal structure along the 
length L and the height H of the prominence. The case m= n= l gives the 
principal (fundamental) mode of oscillation.
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In this chapter, we consider the prominence to be of infinite length, 
im p lying L —> and ky = 0. In this particular case, Eq. (3.51) can be
written as
^m,n ~ ~ ^ • (3.52)
With a typical prom inence height H « 4-5 10"^  km (see Section 1.1.2,
Chapter I) and a mean separation distance of 2C = 50,000 km (say)
between the anchor points of the field-lines, Eq. (3.52) then yields a value
of kj^ D = k^C ^ 1.6-2.0 for the principal (n= l) eigenmode. We choose k j .  
= 1.75 for the num erica l ca lcu lations of the periods of prom inence 
oscillations.
For the p lasm a param eters inside the prom inence, we choose the 
illustrative values of Section 3.3, namely a temperature = 8000 K and a 
density  = 2.5 1 0 '^^ gcm '^; these values are representative of the
situation normally found in quiescent prominences (see Table 1.1, Chapter 
I). W ith a coronal tem perature of 10^ K, pressure balance then gives a
density of Pg = Po(Tg/Tg) = 2  1 0 '^^ gcm'^ for the coronal environment of a 
prom inence. Such a value of the mass density corresponds to a particle 
density of iip « 10^ cm '^. This is somewhat larger than the particle density
of about 10^ particles per cm^ (Engvoid et al. 1990) generally observed for 
the coronal environment of prominences. The larger value for the coronal 
mass density implied by pressure balance in our model is perhaps an
artefact of the model's simplicity. In any case, the precise value of pg d o e s
not greatly influence our calcu lations for the periods of the modes of
oscillation of a prom inence; periods are principally  influenced by the 
A lfven speed and the acoustic speed inside the prominence.
In the present case of a prominence slab with a transverse magnetic 
field, the significant oscillatory modes of the prominence would seem to be 
the two (slow and fast) string modes and also the fundam ental internal 
modes of the slab. These modes are expected to have appreciable kinetic 
energy densities. The periods of these modes in a prominence slab of width 
2a = 5000 km are displayed in Table 3.2 for two values of the transverse 
field strength, namely B = 5G and B =1G. The case of B = 5G represents an
average prominence situation, whereas the case of B = IG  is included as
possib ly  represen ta tive  of prom inences with much w eaker transverse  
field-strengths (see Section 3.1).
Along w ith the numerical values of the periods of the various modes 
in the prominence slab, we also display the formulae for these periods in
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their long wavelength extreme; cf. Section 3.3. These simple m athematical 
relations provide us with an order of magnitude estimate for the periods 
and also shed some light on the physical nature of the modes of oscillation. 
Table 3.2 shows that, except for the case of the m agnetoacoustic string 
modes in a slab with a very weak magnetic field strength, the actual 
num erical values of the periods deviate only slightly from  these simple 
order of magnitude estimates of the periods calculated in the lim it of long 
wavelengths, even when the dimensionless wavenumber k j .  for the modes 
is of the order of unity or larger.
T ab le  3.2. Numerically determined periods of the fundamental  vibrations 
of  a prominence slab for  two different values of the transverse magnetic
f ie ld strength B ,  with = 2.5 10 
C~10a, and H=4.5 10^ km.
gcni^ = ^000 67 = 2500
Names of the modes P eriods
B = 5.0 G 
Vy^ Q « 28 km s"\ 
CgQ «= 15 kms"^
B = 1.0 G
« 6  k m s" \ 
- 1 5  kms" ^so
Slow string mode 
(^string)
56 min
. .  . ^ :  =5 5 m in
________2 sg_______________I
73 minr r 1/22 jc(la) ,— « 1 3 8  m inV Ao
Fast string mode 
(^string)
2 0  min
27i(Ca)
^Ao
1/2
3 0 m in
8 6  min
'  2 ^ ( t a ) ' ' "  . .  . ^x=  « 5 5  m ill
L so
Internal slow mode 11 min (flS^)
4 a  . ^—  ~ 1 1 m 111 ^so
26 min (fIS*') 
—  « 2 8  m i i7
Ao
Interna l fast mode 6 min (flF^)
4 a  . ^X -  = 6  m 1 n^Ao
11 min (flF^)
^so 1 1  m in
It is encouraging to note that the frequencies of the various modes 
disp layed in Tab le 3.2 are in reasonab le agreem ent with the observed 
frequencies of prom inence oscillations (see Section 1.2, Chapter I, for 
discussion of observational results). However, considering the sim plicity of
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the model presented here, we concentrate only on those modes which are 
of particu lar interest.
As discussed in the Introduction, interm ediate periodicities (of the 
order of 10-20 min) that have been detected in prom inences (see Table 
1 .2 (b)) were absent in the model calculations for a prominence slab within 
which is embedded a purely long itudinal magnetic field (Chapter II). Here 
we find the occurrence of such periodicities in a mode that is essentially a 
trapped m agnetoacoustic  w ave re f lec ted  o ff the boundaries o f the 
prominence slab. This mode has a period of the order of twice the sound
travel time across the width of the prominence. In our simple slab model
of a prom inence with a purely transverse, line-tied, m agnetic field, this 
mode is an internal sausage mode, being slow or fast depending on the 
m agnitude o f the transverse m agnetic fie ld threading the prom inence. 
Much shorter periodicities, in the range of 3-5 min, that are observed in 
prominence oscillations, also appear in the present model of a prominence, 
although only in the case of an intermediate to strong transverse magnetic 
field. For a magnetic field strength of 5G, such a periodicity of 6 min is 
presented by an internal fast mode of the slab; see Table 3.2.
The ex istence of the low frequency kink and sausage modes with
periods of the order of 1/2-1 hr is of particular interest. These modes owe
their existence to the effect of photospheric line-tying on the foot points of 
the magnetic arcades threading a prominence. The modes arise from waves 
that are reflected off the boundaries where the field lines are anchored;
they are analogous to the fundamental vibrations of a mass loaded elastic
string. Accordingly, we refer to these modes as the (slow or fast) string
modes. For a prominence slab with a transverse field of 5G, these modes 
correspond to a slow kink mode and a fast sausage mode of the slab; see 
Fig. 3.2a, b. However, for a prominence slab with a much weaker (IG , say) 
transverse field, the slow (Sgtfing) mode corresponds to a sausage mode, 
whereas the fast (Fg^ji^g) mode corresponds to a kink mode of the plasma 
slab (see Fig.3.3a,b).
3.5 Conclusions
In this chapter, we have considered the m agnetohydrodynam ic modes of 
v ib ra tio n  o f a tw o -d im en sio n a l, n o n -g rav ita tin g  p ro m in en ce  slab 
em bedded in a purely  transverse and line-tied m agnetic fie ld. Such a 
consideration of the transverse field component and its photospheric line-
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tying introduce a new structure in the m agnetohydrodynam ic modes of 
oscillation of a prominence that could not be expected from the slab with a 
purely longitudinal magnetic field. This is clear from a comparison of the 
present results w ith those presented in Chapter II. Despite the fact that we 
have ignored gravity, the prominence model we have investigated in this 
chapter is somewhat similar to certain classical, two-dimensional models of 
quiescent prom inences, such as the Meiizel (1951) or the K ippenhahn- 
Schluter (1957) prom inence models. The results presented in this chapter 
are therefore expected to serve as a useful guide to the m odes of 
o sc illa tio n  o f these  m ore com p lica ted  m ag n e to s ta tic  m ode ls o f 
prominences, as we will see in the next chapter.
It is, however, im portant to note that, like most o f the c lassica l 
m odels of quiescent prom inences, the model of a prom inence slab 
investigated in this chapter suffers from a serious drawback, namely that 
it com p le te ly  exc ludes a d iscussion of the dom inant long itud ina l 
component of the magnetic field that threads a prominence. The m agnetic 
field in a prominence makes a fine angle of approximately 2 0 ° w ith the 
prom inence-axis. This orientation of the magnetic field is so typ ical in 
quiescent prominences that it is sometimes considered to play a significant 
role in the mechanism of formation of such prominences; cf. Zirker (1989). 
A theoretical model of prominence oscillations that excludes a discussion of 
this fie ld-orien tation cannot therefore be considered to prov ide a very 
realistic description of the oscillatory modes in quiescent prom inences and 
is, perhaps, not entirely  suitab le for any direct com parison w ith the 
observational resu lts. N everthe less, the p resent model revea ls , in its 
sim p lest form, the basic structure of the m agnetohydrodynam ic modal 
spectrum that may possibly exist in quiescent prominences, and also gives 
us clues as to how these simple results are expected to be modified in the 
case the m ore rea lis tic  skew ed-fie ld geom etry actua lly  observed  in 
quiescent prominences. We return to this topic in Chapter V.
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Chapter IV
Oscillations in simple gravitational prominence models
4.1 Introduction
We have so far explored (in Chapters II and III) the nature of oscillatory 
m o tion s in sim p le  m agnetohyd rodynam ic  slab m ode ls , assum ed  
representative of prom inences. The com plications of a real prom inence, 
with its inhomogeneous density and temperature structure in gravitational 
balance with the curved magnetic field that threads the structure, is of 
course not represented by such simple models. N onethe less, one may 
expect that the periods of the fundamental modes of a prom inence model 
are given, to a reasonable approximation, by such models, in so far as 
gravitational forces and magnetic curvature play subsidiary roles. In such 
a case, the study of a simple model leads to a clearer insight into the 
principa l factors that determ ine the periods of oscillation than cou ld 
readily be gained from an analysis - no doubt largely num erical - of a 
complex structure. This was the basis for Chapters II and III.
Of course, a study of simple models, such as those of Chapters II and 
III, must ultim ately be complemented by studies of complex models that 
are m ore closely representative of observed prom inences. Such detailed 
studies are indeed vital if one is to use oscillations as a probe of 
prom inence-coronal conditions. But a full understanding of the nature of a 
prominence's modes of oscillation w ill no doubt need the insights provided 
by an analysis of simple models.
Here (see also Joarder and Roberts, 1993a), as a first step towards 
investigating the modes of oscillation of a complex prominence model, we 
consider the influence of gravity and field line curvature on a sim p le 
p rom inence-like structure. We examine the modes of oscillation o f an 
isotherm a l, tw o-dim ensional prom inence equilibrium  m odel com m only 
referred to as M ènzel's model. M enzel's (1951) model is not a good 
representation of a prom inence, for it fails to allow either for non- 
isotherm ality or for a component of magnetic field along the principal axis 
of the prom inence-sheet. Nonetheless, Menzel's model has a simplicity that 
allows us to study its modes of oscillation. This provides some insight into 
the roles of gravity and field line curvature and furthermore allows a close 
comparison w ith the simple model of Chapter III.
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Com plem entary studies have recently been done for the modes of 
oscillation of an isothermal K ippenhahn-Schluter (1957) prom inence model 
(Oliver et al. 1992a, b), and also of à generalized, non-isothermal version of 
the K ippenhahn-S ch lu ter equ ilib rium  m odel, as obtained  from  the 
calcu lations of Poland and Anzer (1971) by ignoring the effects of non- 
adiabaticity that were present in their model; see Oliver et al. (1993a). In 
this chapter, we also describe the investigations of O liver et al. in some 
detail in order to show that, as for the Menzel's model, the modes obtained 
from  these com p lem entary  prom inence m odels can a lso be read ily  
interpreted by using a simple slab-type model, such as the one presented 
in Chapter III.
4.2 M enzel's model
4 .2 .1  T he  b a s ic  m a g n e to s ta t ic  e q u i l ib r iu m  e q u a tio n : F o llow ing
Brown (1958), we here consider the solutions of the m agneto-hydrostatic 
force balance equation ( 1 .1 ) along with the divergence-free condition ( 1 .2 ) 
for the magnetic field; see Section 1.3.1 in Chapter I. We also consider an 
isotherm al (TQ=constant) atmosphere. The pressure scale-height Hq in such
an atmosphere is defined as
where R is the gas constant and p is the mean molecular weight of the 
p lasm a.
We confine ourselves to the (x, z) plane of a rectangular coordinate 
system. The magnetic field can then be given in terms of a flux function 
F(x, z) as
thus satisfying Eq. (1.2) of Chapter I. The lines of force are given by F(x, z) 
= constant for any plane y = constant.
W ith the help of Eqs. (4.1) and (4.2), we can rewrite Eq. (1.1) as
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Vipoexp (  Z.H o. 4n V^F exp
_^z >
Hoj VF. (4.3)
Eq. (4.3) shows that Pq exp ^  is a function of F, which we denote by G(F),V oy
say, and then
& G (F ) = - e x p ' ^ ^.Ho. (4.4)
Thus (V^F) exp
o; must also be a function of F that satisfies the condition
(cf. Menzel, 1951; Dungey, 1953; Cowling, 1957; Brown, 1958)
V^F = 0 (F) exp
o; (4.5)
where 0 (F )  = - 4tc (dG/dF) is any arbitrary function of F.
Eq, (4.5) is, in fact, the basic equation for static equilibrium  in the 
tw o-dim ensional (By = 0) case. Any function F(x, z) that is a solution of Eq.
(4.5) will give a possible model for the magnetic field. A wide range of 
such solutions are considered by various authors (cf. M enzel, 1951; 
Dungey, 1953; K ippenhahn and Sch luter, 1957; Hood and Anzer, 1990). 
Two choices for the function 0 (F) are of particular interest. They are
1-
0 (F) = Aj F (4.6a)
w ith
F(x, z) = f(x)exp (4.6b)
for the Menzel's (1951) model, and
(4.7a)
w ith
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F(x, z) = Agz + F j(x) , A3 < Og (4.7b)
for the Kippenhahn-Schluter (1957) model. Here A j, A2 , A3 are constants,
and f(x), F |(x )  are arbitrary functions. In Eq. (4.6), we have assumed that
the presence of the magnetic field modifies the state of stratification of the
isotherm al plasm a that prevailed under ordinary hydrostatic force balance 
condition in the absence of the magnetic field. This effect of the magnetic 
field may simply be described by replacing Hq (Eq. (4.1)) by a magnetically 
m odified pressure sca le-he ight Hg that depends on the curvature of the 
magnetic field lines, and on the value of the plasma-beta of the material. 
For a prom inence-type equilibrium , where dense m ateria l is supported 
against gravity by the magnetic field lines, we must have Hg > H q . The 
num erica l value of Hg is, however, specified arbitrarily  in the simple 
equilibrium model of Menzel (1951); see discussions below.
W e here note that more generalized forms of the m agnetostatic 
equilibrium  equation have also been constructed, and its various exact 
solutions, involv ing tw o-dim ensional flux-functions that correspond to 
various fie ld geom etries and also allow  for a continuous tem perature 
variation of the p lasm a, have been obtained; see, for exam p le, Parker 
(1968, 1979), Lerche and Low (1977, 1980), Low (1975a, b, 1980, 1981).
4 .2 .2  T he  so lu tio n  o f  M enze l: W e here consider M enze l's (1951) 
solution of the m agnetostatic equilibrium  equation (4.5). The Kippenhahn- 
Schluter solution (Eq. (4.7)) has recently been discussed in detail by O liver 
et al. (1992a, b, 1993a). We will discuss their results in a later section. In 
Menzel’s model, we may reduce Eq. (4.4), with the help of Eq. (4.6), to the 
fo rm
d^f4 H B ^  + f = A i f '  % (4.8)
Eq. (4.8) integrates to give 
2 { z \  f  d f f^ A 1
V V 4Hg
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where K j is a constant and B q = IBqI. The exponent q in Eq. (4.9) is defined
H gby q+ l=  W ith the help of Eqs. (4.3) - (4.6), we can also write the 
corresponding expression for the gas pressure as
1  f  z  A i  / 1  f  z \  f  z \P0 ( ^ - z ) = - — exp[^-g^j|<I.(F)dF = e x p |^ - |^ ^  P (x )e x p |^ -^ j  (4.10)
The constant K | in Eq. (4.9) can be eliminated by the application of 
the boundary conditions
f=fQ and /  = 0 at x= 0, (4.11)
where f  ^ denotes ^ .dx
8 %pQIt is convenient to introduce Pq = , the plasma-beta at x=0. Then, with
^0
the help of Eq. (4.11), Eq. (4.8) can be written as (cf. Menzel, 1951; Dungey, 
1953; Cowling, 1957; Brown, 1958; Tandberg-Hanssen, 1974)
2 d^f /fQ^ ^Q"^  1
4 H g ^ = - f  + qPofo|^fJ . (4.12)
We may note, from Eqs. (4,9) and (4.10), that the total (gas + magnetic) 
pressure is independent of the x-coordinate and so varies only in the
B qvertical direction. On the other hand, the A lfven speed v a (x) =   rm
does not vary with height z.
Equation (4.12) along w ith the boundary conditions (4.11) describe 
the magnetic field configuration in the magnetostatic equilibrium  model of 
M enzel. These equations can be solved num erically, w ith the solutions 
generally being periodic in nature. The lines of force (F = constant) form a 
set of parallel curves
z - zq =2Hg log( jA  , (4.13)
V Oy
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where Zq is a constant. These curves show a very similar behaviour to that 
of the function f(x); see Fig. 4.1.
Prominence Slab
O
Fig. 4.1. A sketch of the magnetic field lines supporting the prominence in 
the two dimensional model of Menzel (1951).
For q > I and qp^ > 1 , the function f(x) has a minimum at x=0 with a
corresponding maximum in the gas pressure P(x). Qualitatively, this then 
gives a picture of a prominence-like equilibrium. The special case qpQ =1 
gives f= fg as a solution of Eq. (4.12), giving horizontal field lines with a
constant A lfven 
f
pressure V p^+
speed v ^ , and with the gradient of m agnetostatic gas
0 8 tc balancing the weight of the prominence.
For the param eter pQ, we choose a value in the range 0.1-0.5. 
C onsidering an average transverse, field strength of around 3-5 G, a 
prom inence temperature of around 7000 K and an average particle density 
of 1 0 ^^  c m '^ , this range for Pq provides reasonable values for the plasma-
beta in the transverse field component at the centre of the prominence. For 
the param eter q, we choose a value of 9.0, which yields a modified scale- 
he ight Hg that is ten times the actual scale height Hq in the prominence. 
Such a value of H g may not be entirely realistic (see discussion below), but
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was considered by Brown (1958). Such a choice for the parameters Pq 
q gives a w idth (which is taken as the distance between the po ints of 
inflex ion o f the function f(x), as the density o f the p lasm a generally 
becomes insignificantly low beyond these points) of around 3000 km for 
our m odel p rom inence, which is som ew hat sm a ller than the va lues 
generally quoted in the observations (see Section 1.1.2, Chapter I), A larger 
value of q tends to w iden the prominence, but also implies a rather large 
dip in the magnetic field lines, which increases as Pq deviates from its 
value in the horizontal magnetic field configuration (corresponding to qpQ = 
1). We here confine ourselves to a small deviation from the horizontal field 
con figura tion .
Due to the spatially periodic nature of the field lines (see Fig. 4.1), we 
confine ourselves to no more than one spatial period and place rigid walls 
at x= ± it,  where the gas pressure P(x) reduces by an order of magnitude 
(or less) below its central (x = 0) value; see also the discussion in Brown 
(1958). W e may note that this distance 2d  is different from the anchor 
po int separation distance 2t  of the magnetic field lines, as was considered 
in C hapters I and III, and is sim p ly an a rtefact o f the particu la r 
equilibrium  m odel considered here. In our ca lcu lations d  = 4426 km, 
corresponding to the positions of the first maxima in the function f(x) for 
Pq = 0.3 and q = 9.0. For the range of values of the plasma beta considered
above, the gas pressure reduces by a factor of 1 (for the particular case of 
horizontal magnetic field configuration) to 30 below its central value at the 
positions x = ± cl. The average gas pressure of the quiet corona is less than 
2 dyne cm"^ (see the summary of observational results in Bray et al. 1991; 
see also Rosner et al. 1978; Hollweg, 1990) and so is about the same as the 
central pressure in a prom inence (cf. Table 1.1, Chapter I). A region of 
lower pressure surrounding the model prominence (the effective width of 
which is taken to be the distance between the points of inflexion of the 
function f(x)), as suggested by the M enzel’s model, was considered by 
Brown (1958) as an indication of the observed decrease in the coronal 
pressure (density) in the neighbourhood o f a prom inence (eg. W aldmeir, 
1941, 1970; Leroy and Servajan, 1966; K aw aguchi, 1967; Saito and 
Tandberg-H anssen, 1973; Bessey and Liebenberg, 1984; Engvold, 1989). 
We may note, however, that the extrem e sim p licity of the isotherm al 
Menzel model does not allow us to draw such a direct comparison with the 
observational resu lts obtained for quiescent prom inences.
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4.3 Linearized Equations
We consider sm a ll pe rtu rbations about the equilib rium  con figuration 
described in the previous section. The linearized equations of ideal MHD
(cf. Eqs. (1.4)-(1.8) in Section 1.3.1, Chapter I) u ltim ately yield a single
second order differential vector equation in the velocity perturbation v . 
In the particu lar case o f a two dimensional (By = 0 ) magnetic field, this
equation is (Brown, 1958)
(4.14.)
w h e re
r ( v )  = V ( v .  Vpo + YPodiv v) + ^  k div (pgv)
+ ^  [ v ¥  V (v .  VF) + V. VF) VF] . (4.14b)
Here we have made use of Eq. (4.2) to express the equilibrium  magnetic
field in terms of the flux-function F(x, z).
W rite the velocity perturbation v as v = (v^(x,z,t), 0, Vg(x,z,t)). Then 
Eq. (4.14) yields a solution o f the form (cf. Yu, 1965; Nye and Thomas, 
1974; Roberts, 1988; Campbell and Roberts, 1989)
expjicot + (2 ^  + ik g )z j, (4.15)
where co is the frequency of the normal modes of oscillation and k^ . is their 
wavenum ber in the vertica l (z) direction. The norm al modes consist of 
waves that propagate vertica lly w ith their velocity am plitudes increasing
with height. However, the total ( kinetic + magnetic ) energy density in
these waves is independent of height.
W ith  the above assum ption  regard ing  the p e rtu rb a tio n s , the
governing differential equations (Eq.(4.14)) take the follow ing forms
A u"' + B w" + C u' + D w' + E u + F w = 0 (4.16a)
an d
9 0
^u(x)^
<w(x)^
I u" + J w" + K u' + L w' + M u + N w = 0, (4.16b)
where the coefficients A to F and I to N are given in the follow ing. W riting 
fj3 = f(x)/fQ , we have
A = t P o  n  f q32tch|I^D , +
/  / \ 2  
(Îe:.
4-n ’ (4.17)
B= - %StcHb ’ (4.18)
C = D2  71
yqPo
D 8 H g  V D y
(4.19)
D = Po
327î:Hg
^ (y k H B -q - 1)/ I  \2 qV^ Dy 4 tiH B (4.20)
E to^Po(q+i)
' 2 (% )
327THBg V^ Dy B
(4.21)
qk/fD
F
8 tiH B
yqPi
('j^yq+i
fDj 4- ( k , H B - l ) f D (4.22)
I = B = -
%
8 tiHB (4.23)
D
J =
167tHg
(4.24)
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K = Po
32ti:HbT> V -L'y
+
I ôjcH b
(4.25)
L = D
StcHb
(4.26)
(4.27)
N = Po
327i:Hg Lg
-(q+ l) + l^ (k .H B .l) / 1  \2q^ 1  V k ( k % - 1) ------D (4.28)
where h  = 2 H + ücz (4.29)
In the above the superscript ( ) denotes derivatives with respect to the
variable x.
Equations (4.16), together with Eqs. (4.11) and (4.12) defining the 
flux function f(x), constitu te the system  of equations governing the 
perturbations in the system. We supplem ent these ordinary d ifferentia l 
equations with the line-tying boundary conditions
u(x) = w(x) = 0  at X = ± ct. (4.30)
The choice of distance d  is discussed in Section 4.2.2.
4.4 Solution of the system of equations
Equations (4.11), (4.12), (4.16), and (4.30) together constitute a two-po int 
boundary value problem that must be solved numerically to determine the 
eigenmodes of oscillation of the model prominence. Some guidance as to 
the nature of the solutions is required from an analytical approach. To find 
such a guidance, we first observe that the symmetry of the equilibrium
9 2
*con figuration around x = 0  suggests that the eigensolutions may be 
devided into e v e n  (u(x) = u(-x)) and o d d  (u(x) = -u(-x)) forms. As in 
Chapter III, the normal modes of the system represented by these two 
groups o f solutions w ill here be called k i nk  and s a u s a g e  m odes, 
re sp ec tiv e ly .
Further insight into the problem can be obtained by investigating the 
special case qpQ = 1 , corresponding to the solution f = fQ and giving a 
horizontal field configuration w ith a constant A lfven speed v ^ . For this 
case, Eqs. (4.16a, b) reduce to a single fourth order differential equation 
w ith constant coefficients:
2 d \  
^ d x ' co  ^ + ^ ( 1 -F ) -c^ 4HB
d^u
dx' +0)^
CO
4HB
^u = 0 , (4.31)
c.vw here c^  = 2 2 1/ 2 'cusp speed' in the p lasm a and Cf =
(Cs + V.A)
2 2 1/2(Cs+Va ) is the fast speed (see, for example, Roberts, 1985). We have also
in troduced  F = the m agnetica lly-m odified adiabatic constan t (cf.
Campbell and Roberts, 1989; Evans and Roberts, 1991; Roberts, 1989, 
1992; Miles and Roberts, 1992) . For a non-magnetic medium, Hg = Hg and 
hence F = y.
It may be noted that Eq. (4.31) reduces to Eq. (3.11) of Chapter III 
in the case when g= 0. M oreover, in the case of an uniform  unbound
medium ( for which we may write ^  = ik%) Eq. (4.31) reduces to the well
known dispersion relation for the magnetoacoustic modes in a stratified 
plasm a with constant A lfven speed (Yu, 1965; Nye and Thomas, 1974; 
Thomas, 1982, 1983), namely,
CO , 2  2 . (Cg+VA) r ,  2 , ,  2 4Hb
V
Y 2 12  “  +kx " 2  2 /  CgVA
/- V
kx +kg +4H B
- g ^ ( i - r ) 0 . (4.32)
In the case of purely horizontal field lines (qPg= l), Eq. (4.16) gives
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w(x) =
(O' /  2 2 ' Cg+VA 4H B
2 2 m \A  + c
y
Af 1
^-L_ + ik V  2Hg Ps
1 \
4H
V
2  + 
B
d u 
dx (4 .33)
Eqs. (4.31) and (4.33), together with the boundary conditions (4.30), 
lead to a transcendental dispersion relation for the kink and the sausage 
modes in horizontal m agnetic field. For the kink modes the dispersion 
relation is
A . 2  0)2  ^k+ - -c, 1
V y \
2 f ,  2 2
1
k" "~2 -Cg
V
4H
r
2  +  k^+  
B
1 -F \
2t ’'^F^HB
k""" tan(k^cC)
4H
V
2 +  k z +
B
J
1-F M
BJ
k" tan(k'cC). (4.34)
The sausage modes satisfy a sim ilar dispersion re la tion obtained by 
replacing 'tan' by 'cot' in Eq. (4.34).
The quantities k- are defined as;
, 2 1 g(i-r)
2 'k z -  , „ 2 + „ „  2Ct 4 M b  t H b Va
1
“ 2 <
_ V
, 2 _ j_  g(l-r)
2 +k%+ 9- _  2Ct  4 H b THgVA
-4CO^ V  g ( i - r ) '
1/2
2<Ct Cf THBvi
>
(4.35)
which are the effective wavenumbers of the magnetoacoustic modes in the 
direction of the magnetic field with '+' representing the slow modes and '-' 
representing the fast modes. Note that Eq. (4.35) simply represents the 
positive solutions for k^ of the constant A lfven speed dispersion relation
Eq, (4.32).
The dispersion re lation (4.34) for the horizontal m agnetic fie ld 
con figuration proves too com p licated to yield simple solutions for the 
normal modes except in the special case g = 0  obtained by letting Hg oo. 
In this case, the kink modes of extremely long wavelengths (k^ct «  k^Hg 
« 1) yield
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ûxC / 1 \cT ”  2 IhG sloM’ kink modes (4.36a)
an d
ÛXt = (p+ l)%  , for the fa s t  kink modes (4.36b)
with |Li , V = 0,1 ,2 ........ Solutions for the sausage modes are obtained in a
similar way. These are
coct = (v +1)tc , for the slow sausage modes (4.37a)
and
coct
^A , for the fas t  sausage modes. (4.37b)
Once we identify the normal modes of oscillation in a non-gravitating 
medium in this way, the solutions of the horizontal field dispersion relation 
(4.34) can easily be obtained numerically for the stratified case (with g -  
274 m s'2). These solutions then prov ide initial approx im ations for the 
more general boundary value problem given by Eqs. (4.16)- (4.30). For the 
solution of the general problem we simply use an iterative 'shooting and 
m atching' technique.
The solutions for the Menzel equilibrium are shown in Fig. 4.2a,b for 
kink and sausage modes, respectively, taking three values of the plasma-
beta Po ^1 the centre of the prominence, namely Pg = ^  (corresponding to 
the horizontal magnetic field configuration), Pg = 0.3 and pg = 0.5.
The normal modes depicted in Fig.4.2 show signatures of 'avoided 
crossings' (see Chapter III). It is interesting to note that, as the curvature 
of the field lines increases, corresponding to an increase in the param eter 
Pg, the avoided crossings between different modes tend to become more
'gentle ', indicating that the 'kissing modes' transform  them se lves into 
'embracing modes'; avoided crossings are discussed in Jones (1970).
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Fig. 4.2a and b. D im ensionless frequency cùd/Cg vs. d im ensionless 
wavenuniber k^d for (a) the kink modes and (b ) the sausage modes of
vibration of Menzel's model, with a sound speed 12 kins'^ and a scale height
ratio Hg/HQ = 10.0 (giving q = 9.0). The solid (_____) curves are for a plasma
beta Pq = 1/9, corresponding to a horizontal field configuration. The dashed (---
— ) lines are for modes with pQ = 0 . 3  and the dotted (.............. ) lines are for
modes with Pq = 0.5. The modes are identified as fast (F) or slow (S)
magnetoacoustic modes, with f denoting the fundamental and h denoting a 
higher harmonic (first harmonic Ih; second harmonic 2h, etc.)
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4.5 Periods of oscillation of MenzeFs prominence
H aving determ ined  the frequency-w avenum ber curves for M enze l's 
equilibrium , we turn now to an investigation of the num erical values of 
the periods of the fundam ental modes that might arise in a prom inence- 
type con figuration. In a two dim ensional geometry, such as the one 
considered here, the wavenumber of the fundamental modes is taken to be 
(see Section 3.4, Chapter III)
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K = n ’ (4.38)
with the integer n describing the modal structure over the height H of the 
prom inence. W ith H= 5 10'^ km and d  = 4426 km, this gives a
w avenum ber k^d -  0.3 for the principal (n=l) eigenmode. For such a value
of the wavenumber the periods of the fundamental modes are displayed in
Table 4.1, taking cases Pq“  ^  ’ Po~ 0.3 and P q = 0 . 5 .  Table 4.1 also compares
the period of each of the fundam ental modes with its corresponding
period, Tq , in the limit g= 0  with Pq= ^  . The formulae given in Table 4.1
provide a simple estimate for the periods in the non-gravitating lim it [see 
Eqs. (4.36) and (4.37)].
T ab le  4,1. Periods (in minutes) of the fundamental modes of  oscillation of  
a Menzel  prominence ( T q  = 7000 K, q = 9, c€ = 4426 km.) and their 
comparison with the periods Tq of  the magnetoacoustic modes in an 
uniform, non-gravitating, bound medium with plasma-beta Bn = i/9 .
Mode n am e Slow
sausage
m ode
Fast
sausage
m ode
Slow kink 
m ode
Fast kink 
m o d e
P e rio d
(m ill)
Po = 1/9 
Po = 0.3
Po ~ 0.5
g  = 0 1
P o  = 1/ 9J
1 8 
1 6  
1 3 
1 2
(xQ-2 (i/Cg)
7
7
8 
8
(xo«4d:/v^)
36
48
36
25
(Xo«4cC/Cg)
4
4
4
4
(xQ-2 ( i /v ^ )
97
As noted ear lie r, M enze l's m odel does not p rov ide  a good 
representation of a real prom inence, for it allows neither for the non- 
isothermality nor a longitudinal field component and furthermore 
possesses a small effective scale height (H g  =  IOHq «  3 0 0 0  km is much
smaller than the observed prom inence height H« 5 10^ km). However, it 
provides a means of comparison of a model which includes both gravity 
and fie ld line curvature with sim ple slab m odels, such as the ones 
developed in Chapters II and III. In particular, we may examine how its 
periods of oscillation compare with those obtained for a slab with a 
transverse magnetic field. Chapter III considered such a slab configuration 
in which its transverse magnetic field was anchored at a distance Ù from 
the slab's centre. The slab had a prominence temperature of 8000 K and 
was located in a coronal environment.
Such a comparison shows that in both models the fundam ental fast 
kink mode (fF^ in the notation of Chapter III) has a period in the range 3- 
5 mill, whereas the fundamental slow sausage mode (fS^) presents a period 
in the range 10-15 min. The analysis in Chapter III shows that these time- 
scales are provided by the time it takes an Alfven wave (for the 3-5 min 
range) or sound wave (for the 10-15 min modes) to cross the prominence 
width and back again.
In the presence of a temperature discontinuity, the fast kink and the 
slow sausage modes undergo an additional phase change of t i /2 com pared 
to the situation in an uniform bound medium. Such a phase change is 
approx im ate ly  equiva lent to the additional distance traversed  by the 
waves outside the prominence [whose edges are considered to be defined 
by the points of inflexion of the flux function f(x)] in an isothermal Menzel 
model. The fast kink and the slow sausage modes thus present sim ilar 
periodicities in both these models.
The fast sausage mode (fF^) possesses a period of about 7 min in 
M enzel's model (see Table 4.1). This period is essentially determined by 
the m agnetoacoustic tim e-scale and so is practically unaffected by the 
effects of stratification. In fact, as shown in Chapter III, the period of the 
fast sausage mode is largely influenced by the effects of tem perature 
inhom ogeneity  and photospheric  line-ty ing . W hen these effects are 
included the fast sausage mode is analogous to the fundam ental vibration 
of a mass loaded stretched string (Roberts, 1991; Joarder and Roberts, 
1992b,c), presenting a period x « 27c(Ca)^^^/v^, with v^ being the average 
A lfven speed within the prom inence of width 2a with its anchor po ints
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separated by a distance 2t.  The numerical value of the period of this fast
sausage m ode is thus greatly m odified when these two effects are
introduced. This mode provides a period of the order of an hour.
The most complicated mode in a prominence-type equilibrium  seems 
to be the fundam ental slow k ink (fS^) mode. The num erica l resu lts 
presented in Table 4.1 shows that the period of this mode may change 
appreciab ly  from  its non-grav itating m agnetohydrodynam ic value to its 
value in the presence of stratification. This mode is also sensitive to the 
effect of a tem perature discontinuity at the prom inence-corona interface 
and to photospheric line-tying (cf. Joarder and Roberts, 1992b,c). We found 
in Chapter III that, in the absence of gravity, this mode has a periodicity 
that is of the order of x~ 2 %(Ca)^^^/Cg, giving about an hour for prominence 
values. To provide a more accurate estimate for the period of this mode it
is necessary to examine a prominence equilibrium model that includes the
effects o f g rav ita tional s tra tifica tio n , tem perature d isco n tin u ity  and 
photospheric line-tying. A first step towards such an investigation has 
recently been taken by O liver et al. (1992a,b; 1993a) by examining the 
m odes o f oscilla tion in a genera lized, two tem perature K ippenhahn- 
Schluter (1957)-type prominence model. We w ill discuss their resu lts in 
the Section 4.6, below. For the present, however, we can conclude that 
despite the complex nature of the slow kink mode a rough estimate of its 
period is provided by the model calculations of Chapter III. Overall, then, 
the simple model of Chapter III provides a useful guide to the periods of 
the M enzel model and, presum ab ly, to the periods of more rea listic  
prominence models (as discussed below).
4.6. O scillations in Kippenhahn-Schluter (1957)-tvpe prom inences
The modes of oscillation of an isothermal K ippenhahn-Schliiter (1957) type 
prom inence model was examined by O liver et al. (1992a, b). Recently, 
Oliver et al. (1993a) have extended their calculations to the case of a non- 
is other mal, genera lized K ippenhahn-Sch liîter prom inence m odel, that is 
obtained by ignoring the non-adiabatic effects in the calculations of Poland 
and Anzer (1971).
4 .6 .1 . K ip p e n h a h n -S c h l i i te r  p ro m in e n c e  m ode l: In the ir orig ina l
m odel, K ippenhahn-Sch luter (1957) provided solutions for the m agnetic 
field topology both inside and outside the prominence slab; see Section
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1.1.3, Chapter I. In the follow ing, we however consider only the solution 
g iven for the in terna l fie ld structure  o f the prom inence-sheet. This 
particu la r solution for prom inence equilibrium , although isotherm a l, is 
more rea listic than the M enzel model, as it predicts a prom inence height 
that is much larger (in fact, infinite) than the width of the prominence; this 
is c loser to the actual situation observed in solar quiescent prom inences 
(see Section 1.1.2, Chapter I for a summary of the observed characteristics 
of quiescent prom inences). As noted in Section 4.2.1, the Kippenhahn- 
Schluter (1957) model corresponds to the choice (4.7) for the function 0 (F ) 
and the flux-function F(x, z) for the m agnetic field lines in the basic 
m agnetostatic equilibrium  equation (4.5). Integrating Eq. (4.5), we then 
o b ta in
2 Ar F 3W
A 3H0 ; (4.39)
where we have used the boundary conditions
Fi(x) = ^  F i(x) = 0 at X = 0. (4.40)
For the choice A3 < 0 (cf. Eq.(4.7a)), Eq.(4.39) can readily be integrated to 
g ive
F |(x ) = 2 A3HQ Ini sech ( Ag2 1 A 3 IH 0 J (4.41)
From Eqs. (4.2) and (4.7b), we obtain
A 3 = -B^ = constant, and ^  F j(x) = Bg(x), (4.42)
which, along w ith Eq. (4.41), ultimately gives
B„(x) = ± B (00) tanh B,(oo)xL2 H o B J (4.43)
1/2where Bg(oo) = (2 A2 B ^ÜQ) is the strength of the z-com ponent of the 
magnetic field at x
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Eqs. (4.42) and (4.43) together gives the magnetic field configuration 
in the isothermal Kippenhahn-Schluter equilibrium model of a prominence; 
see Fig. 4.3 for a schematic description of the magnetic field lines. We
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Fig. 4.3. A sketch of the magnetic field lines supporting the prominence in 
an isothermal Kippenhahn-Schluter (1957) prominence model.
may note that, the magnetic field is invariant in the vertical (z) direction, 
as also the equilibrium pressure pQ (and hence the density Pq) given by (cf.
Eq. (4.10))
Po(x, z) = po(x) = —^ 7C sech^
B„(oo)x'
2 B^Ho (4.44)
P q ( x , z )  vanishes asymptotically a s  x  oo. in this isothermal  prominence 
model, the edges of the prominence-sheet are generally considered to be at
a distance a = from the prominence centre, where the gas pressure
fails off appreciably from its central value (see, for example.  Priest 
(1982)) .
This isothermal  model for the internal magnetic field structure of 
prominences has been modified by Poland and Anzer (1971) to incorporate
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the energy balance of the cool and dense prominence embedded in a hotter 
and rarer  coronal medium. Following Oliver et al. (1993a), we only 
consider the temperature and density inhomogeneity, ignoring the non- 
adiabatic effects in the calculations of Poland and Anzer. We thus consider 
a discontinuous temperature profile with temperatures and inside
and outside the prominence of an arbitrary width 2 a, such that
To(x)
0 < lxl< a ,  
lx l>  a. (4.45)
The equi l ibrium magnetic field configuration and the gas pressure 
d is tr ibut ion in this genera lized, non-isothermal  K ippenhahn-Sch luter  
prominence model is then given by simply replacing ( x / H q )  in Eq. (4.43) 
and Eq. (4.44) by a function T(x), where
Y(x) &RJT q( x/) d X XO T  ’ X q 0 < 1Xt< a ,P'o'p ) 1x 1 a, (4.46)
with P q and p^ being the mean molecular weights inside and outside the 
prominence-sheet ,  respectively.
C  o  r b  n  aC o r o n a
P h o t o s p h e r eP r o m i n e n c eP h o t o s p h e r e
Fig. 4.4. Diagram representing the generalized, non-isotherm al  
Kippenhahn-Schluter prominence equilibrium, as considerd by Oliver et al,
(1993a). The dashed (..........) curve shows the typical shape of the field lines
and the dotted (................ ) curve represents the corresponding density profile.
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In their calculations of prominence oscillations, Oliver et al.(1993a) 
further assumed that the magnetic field lines are anchored at a distance x 
= ± t  (say) from the centre of the prominence, representing the coronal- 
p h o to sp h e r ic  bound a ry .  W ith  this assum pt ion ,  the e q u i l ib r iu m  
configuration considered by Oliver et al. (1993a) is similar to that given in 
Fig. 4.4.
4.6.2. L in e a r i z e d  e q u a t io n s :  The equations for the amplitudes of the 
ve loc ity  perturbation v(x,z)  = (u, 0, w) in the Kippenhahn-Sch luter 
equilibrium can readily be obtained from the generalized perturbation 
equation (4.14), after using Eq. (4.7) for the flux function F(x, z). The 
resulting equation is then linearized to give the following two coupled, 
second order differential equations (cf. Oliver et al. 1992a, b, 1993a)
2c„ +
V 47tpo 
B
// ®xBz //w B
J
yg B,
47tpo 
B _ B _ \
+ ^  g(2 -y)u' - Ik/Cg + g
B
V 4 tcpoJ
(4.47a)
an d
“A"-A4tcPo 4)tpo / / g > ' -  ^ 2  +4jcpo CO 4tcpo
V
w = 0 .
.(4.47b)
Here fe. = a  + ik^ is a complex wavenumber of perturbation (see Eqs. (4.15) 
and (4.29)) in the case of a Kippenhahn-Schluter prominence model  (Oliver 
et al. 1992a, b, 1993a). The reason for the appearance of such a complex 
wavenumber Ru is, however, not completely clear from the works of Oliver 
et al.. On the other hand, a consideration of the conservation of total 
(kinetic + magnetic) energy density of the perturbations, that led us to the 
assumption of the particular form (4.15) in Section 4.3, now suggests that 
k/ is most likely to be purely imaginary (k/ = ik^) in this particular case of a 
verically unstratified plasma with Hg —> oo. In any case, we simply describe 
the results of Oliver et al. (1993a) in the following.
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Eq. (4.47a, b) represents the equations governing the velocity 
perturbations in an isothermal  Kippenhahn-Schluter (1957) prominence
model. In the case of the generalized, non-isothermal, Kippenhahn-Schliiter 
model (Oliver et al. 1993a), Eq. (4.47) still pertains, but with Pq = p^(x), Cg = 
CgQ inside the prominence-sheet, and Pq = pg(x), Cg = Cgg outside the 
prominence. The prominence satisfies the pressure balance condition Pq( u) 
= pg(a) at its edges x= ± a; see Eqs. (4.44)-(4.46).
For the boundary conditions across the edges of the prominence- 
sheet, Oliver et al. (1993a) impose the conditions that both the components 
u(x) and w(x) of the velocity perturbation and their first derivatives must 
be continuous across the prominence-coronal interface. At the corona- 
pho to sphere boundary x = ± D these authors assume the l ine-tying 
boundary conditions (3.25) of Chapter 111.
4.6.3. Modes of oscillation: The modes of oscillation obtained by Oliver
et al. (1993a) for the case of a generalized, non-isothermal , Kippenhahn- 
Schluter prominence model are similar to the oscillatory modes obtained in 
Chapter 111 (see Fig. 3.2a, b) for a low-beta (Cg  ^ < v^ q, Cg^  < v^^), non­
gravitating p lasma slab threaded by a transverse magnetic field. Two 
different types of modes, namely, the internal and the external modes (cf. 
Section 3.3, Chapter 111; see also Joarder and Roberts, 1992b, c), that were 
present in the simple slab model of a prominence, are still present in the 
prominence model considered by Oliver et al.. We may here note that, due 
to the isothermal  nature of the Menzel model, we obtained only the 
internal  magnetoacoustic modes in our calculations for this model; see 
Sections 4.5 and 4.6. Similar solutions of Eq. (4.47), that contain only the 
internal modes, have also been obtained by Oliver et al. (1992a, b) in their 
analysis of the modes of oscillation of an isothermal Kippenhahn-Schluter- 
prominence equilibrium.
To identify the various eigenmodes of oscillation in a generalized 
Kippenhahn-Schluter prominence, Oliver et al. (1993a) adopt the analytical 
mode classification scheme given in Section 3.3, Chapter 111, for the case of 
a non-grav itat ing slab in a transverse magnetic field. Moreover, the 
analogy of the oscillatory modes with the modes of vibration of a mass- 
loaded stretched string (Roberts, 1991c; Joarder and Roberts, 1992b, c) 
provides a valuable guidance to the physical nature of the modes even in
the case of a more realistic magnetostatic equilibrium model  of a
prominence. Particularly interesting is the presence of the fundamenta l
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slow kink (slow string) mode and the fundamental  fast sausage (fast 
string) mode. It was found in Chapter III (see Section 3.3) that these 
modes are analogous to the fundamental  modes of a mass-loaded elastic
string. In the absence of either the coronal medium or the prominence 
slab, these modes coincide with the fundamentals of the slow kink and the 
fast sausage modes of a uniform (either prominence or coronal) plasma (cf. 
Section 3.3, Chapter III). In a way, the (slow or fast) magnetoacoustic string 
modes then pertain to both the media internal  and external  to the 
prominence-sheet. Due to the special nature of these modes, Oliver et al. 
(1993a) refer to the magnetoacoustic string modes as the h y b r id  (slow or 
fast) modes. We may also note, that for all the modes considered by Oliver 
et al. (1993a), the values of the dimensionless exponent alal of the modal 
amplitudes are extremely small (< 1 0 "^), so that the presence of gravity 
does not greatly influence the amplitudes of these modes, that remain 
almost the same at different positions along the height of the model
p rom inence .
With such a classification for the normal modes of oscillation, the 
periods obtained numerically by Oliver et al. (1993a) for the fundamental 
modes in a non-isothermal ,  K ippenhahn-Schluter prominence is then
displayed in Table 4.2.
A comparison of Table 4.2 with Table 4.1 for the periods in a Menzel 
(1951) prominence model , or with Table 3.2 (Chapter III) for a non­
gravitating slab model, shows that the internal slow sausage (fIS®) mode
presents a period of around 10-15 min, and the internal fast kink (flF^) 
mode presents a period of around 3-5 min in all three models of quiescent 
p rom inences .
Tab le  4.2. Periods of the four fundamental modes in a Poland and Anzer 
(1971) prominence with = 10"^ K, (x=0) = 5 70"^^ gcm~^, 2a = 6000 km,
H = 5 l ( f  km., B.. = 5G, and 2 l  = 2 10^ km. (After Oliver et al. 1993 )
Name of the mode Period (min)
Slow string mode 130
or Hybrid slow mode
Fast string mode 2 7
or Hybrid fast mode
Internal  slow mode 14
Internal  fast mode 3
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In an isothermal Menzel equilibrium (see Table 4.1), the slow kink 
mode and the fast sausage mode present periodicities that are much
shorter than the corresponding periodicities of the (slow and fast) string 
(or hybrid) modes in a non-gravitating slab prominence (cf. Table 3.2,
Chapter III), or a non-isothermal  Kippenhahn-Schluter prominence (Table
4.2). In Chapter III (see Eq. (3.48b) and Table 3.2), we found that in a non­
gravitating slab model  of prominence, the periods of the string modes
scaled approximately as là,  with 2i  being the anchor point separation
distance of the magnetic field lines threading the prominence of width 2 a.
The periods of these modes are also inversely proportional to the average 
sound speed Cg^  (for the slow string mode) or the average Aifven-speed 
Vao (fot the fast string mode) in the prominence; cf. Table 3.2, Chapter III. 
With 2l  = 5 lO'  ^ km, 2a = 5000 km, Cg^  = 15 km s" \  and v^q = 28 k m s" \  the 
string modes presented periodicities of 53 min and 20 min, respectively, in 
the simple slab model of Chapter III. For the parameter values chosen by 
Oliver et al. (1993), namely 2D = 2 10^ km, 2a = 6000 km, a sound speed 
CgQ = 12 kms"^, and an Alfven speed v^q = 60 k m s" \  these modes present 
periodicities of around 145 min and 20.5 min., values that are not too far 
from the actual numerically determined periods obtained in Table 4.2. 
Thus the simple non-gravitating slab model of a prominence, such as the 
one presented in Chapter III, gives a reasonable estimate of the periods of 
the modes of oscillation that pertain even in a more realistic prominence 
model, of course, the exact numerical values of these periods depend upon 
the precise details of the equilibrium model of a prominence that is under 
considera tion.
4.7. Conclusions
To obtain detailed and accurate predictions regarding the observab le  
characteristics of the modes of oscillation of a prominence, it is of course 
necessary to perform detailed numerical  investigations of compl icated 
equilibrium models of prominences. However, such numerical  studies gain 
greatly from comp lementary studies of simple magnetohydrodynamic  
slab-type models, such as the ones discussed in Chapters II and III. By 
drawing examples from two different investigations of relatively simpler 
magnetostatic models of prominence equilibria, we have here tried to 
establish the fact that the study of simple slab-type models of quiescent 
p rominences can indeed prov ide useful  guidance to the osci llatory
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behaviour of more complicated prominence models. Moreover, such simple 
models allow us to draw on analogies with various classical  vibratory 
systems, such as an elastic membrane (Chapter II) or a mass-loaded 
stretched elastic string (Chapter III), thus shedding some light on the 
physical nature of the oscillatory modes in solar quiescent prominences.
From our discussions so far, it would seem that the modes of 
oscillation of a prominence are basically magnetohydrodynamic in nature, 
with the magnetic field and the compressibility of the plasma playing a
dominant role in determining the periods. Gravity and field-line curvature
seem to play a subsidiary role. To investigate the physical nature of these 
modes, it is therefore important to take a proper consideration of the 
orientation of the magnetic field lines with respect to the prominence axis, 
since this may influence appreciably the nature of the modes as well as 
their periods.
It was emphasized in Chapter I, Section 1.1.2, that a prominence is 
in fact embedded in a skewed magnetic field, with the skew-angle being 
approx imate ly  20° with respect to the long axis of the prominence. In the 
next chapter, we therefore investigate the basic magnetohydrodynamic
modes of osci llation of a simple,  non-grav itat ing prominence slab 
embedded in such a skewed magnetic field. It is intended that such an
a n a l y s i s  w i l l  u l t im a te l y  e n a b l e  us to o b ta in  the  bas ic  
magnetohydrodynamic time-scales of the oscillatory motions  in solar 
quiescent  prominences,  time-sca les that can be compared with the 
observations of prominence oscillations.
107
Chapter V
The slab in a skewed magnetic field
5.1 In t roduc t ion
In C hap te rs  II and  III  w e  e x am in ed  the  modes of osci llat ion of a dense  
slab e m b e d d e d  in a u n i fo rm  m ag n e t ic  f ie ld. The p u r p o s e  of t h e s e  
in v e s t ig a t io n s  w a s  to se t  o u t  the  g e n e ra l  s t r u c tu r e  of such  m odes  of 
v ib r a t io n ,  m ak in g  c lea r  the  p r in c ip a l  i n g re d ie n t s  t h a t  d e t e r m i n e  th e  
p e r io d s  of osc i l la t ion  of the  slab. Our s tu d y  w a s  m o t i v a te d  b y  th e  
o b s e r v a t i o n s  of osc i l la t ions  in q u ie s c e n t  p r o m in e n c e s  w h ic h  ind ic a te  
periods ranging  f rom  abou t  a m inute  to an hour  (cf. Section 1.2.3, Chapter  
I). A d e ta i l e d  u n d e r s t a n d i n g  of th e se  modes  m ay  u l t im a te l y  p ro v i d e  
seismic in form ation  about  the  prom inence  and its coronal en v i ro n m en t .
The com p lex  e q u i l ib r iu m  s t ru c tu re  of a qu iescen t  p r o m in e n c e  m ak es  
l ik e ly  a c o m p l i c a te d  d iscuss io n  of its m odes  of osc i l la t ion,  w i t h  an 
e s se n t ia l ly  n u m e r ic a l  t r e a t m e n t  being requ i red .  In such a s i tua t ion  it is 
i m p o r t a n t  to o b ta in  some in s ig h t  in to the  n a tu r e  of its v i b r a t io n  by  
exp lor ing  s im p le  mode l s  of p ro m in e n ce - l ik e  equ i l ib r ia .  Of course ,  such  
s imp le  mode l s  cannot  c ap tu re  all of the  actua l  s t ru c tu re  of a p ro m in e n ce  
w i th  its i n h e r e n t  comp lex i ty .  But the  s tu d y  of s imp le  mode l s  o f fers  the  
hope  th a t  t h e y  m ay  de l inea te  the  va r io us  ing red ien ts  t h a t  go to g e th e r  to 
d e t e r m i n e  th e  m odes  of v ib r a t io n  of r ea l  p ro m in e n ce s .  This w a s  th e  
m o t i v a t io n  b e h in d  C ha p te r s  II and III ,  w h ich  se t  o u t  t h e  m o d es  of 
oscillat ion of a dense  p la sm a slab in the  p resence  of e i th e r  a long i tud ina l  
field (Chapter  II) or a t r a n s v e r se  field (Chapter  III). Here w e  comp le te  t h a t  
d escr ip t ion ,  exam in ing  the  role of a sk e w e d  field, ie. a f ie ld w i th  b o th  
lo ng i tu d in a l  and  t r a n s v e r s e  c o m p o n e n ts  (see also J o a r d e r  and Roberts ,  
1 99 3 b ) .  O b s e r v a t io n s  show  t h a t  the  m ag n e t ic  f ie ld  in a q u i e s c e n t  
p rom inence  is genera l ly  inclined at an angle of about  2 0 ° to the  long axis of 
the  p ro m in e n c e  sh e e t  (Section 1.1.2, Chapter  I). W ith  an a v e ra g e  fie ld 
s t r e n g t h  of a b o u t  12 G (cf. Tab le  1.1 in C hap te r  I), th is  p r o d u c e s  a 
lo n g i t u d in a l  c o m p o n e n t  of a b o u t  10-11 G and a w e a k e r  t r a n s v e r s e  
c o m p on en t  of 3-5 G.
C o m p l e m e n ta r y  th eo re t ic a l  in v es t iga t io n s  of p ro m in e n c e  osc i l la t ions  
h ave  re c e n t l y  b e en  carr ied  out, an objective of wh ich  w a s  to e x am ine  the  
in f luence  of g rav i ta t iona l  s t ra t i f ica t ion on the osc i llatory modes. This w as
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d one  b y  c o n s id e r in g  v a r io u s  s imp le ,  tw o - d im e n s io n a l ,  m a g n e to s t a t i c  
e q u i l i b r i u m  m ode l s ,  such  as th e  K i p p e n h a h n - S c h l u te r  ( 1 9 5 7 ) - t y p e  
p r o m in e n c e  m ode l s  (Oliver e t  al. 1992a, b, 1993a)  or Menze l 's  (1 9 5 1 )  
equ i l ib r ium  mode l  (Joarder and Roberts  ,1993a). We po in ted  out  in Chapter  
IV t h a t  s tud ies  of th ese  mode ls  hav e  reve a l e d  moda l  s t r u c tu r e s  t h a t  a re  
s im i la r  to tho se  fo u nd  in Chap te r  III ,  th u s  ind ica t ing  t h a t  the  basic  
i n g r e d i e n t s  t h a t  p r in c ip a l ly  d e te r m i n e  the  m odes  of osc i l la t ion in a 
p rom inence  are: the  s t re n g th  of t e m p e r a tu re  and dens i ty  in h o m o gene i ty  at 
the  p ro m in e n c e - c o r o n a l  in te r face ,  the  m agnetic  fie ld s t r e n g th ,  and  the  
p h o to sp h e r ic  l in e - ty in g  effect  (cf. Section 1.4.3, Chap ter  I). Grav i ty  and 
field line c u rv a tu r e  p lay  only subs id ia ry  roles, at  leas t  in the  e l e m e n t a r y  
m agne to s ta t ic  models of p rom inences  th a t  have  so far  b e en  exp lored.
To exam ine  the  effect  on oscillations of a skewed magnetic  field, we  h e re  
cons ider  the  simp le  slab mode l  of Chapter  I (see Fig. 1.5 in Section 1.5). In 
th is  m ode l  the  p rom in en ce  slab is e m b e d d e d  in a un i form  m agne t ic  field 
th a t  m ak e s  an ang le (j) to the  long axis of the  slab. The p ro m in e n c e  is of 
length  L in the  y -d irec t ion ,  of d imension H in the z -d irec t ion and of w id th  
2a (« H < L) in th e  x -d i rec t ion .  The e ffec t  of g r a v i ty  is ignored .  The 
magnetic  f ie ld p e rm e a t in g  the  m edium  is B =(B^, By, 0 ) w i th  B^ = By tan(|). 
The specia l  case (j)=7i:/2 , corresponding  to a t r a n s v e r se  field, w a s  discussed  
in C h ap te r  III .  P r e s s u r e  ba lance  b e tw e e n  the  slab and its e n v i r o n m e n t  
imp l ies  t h a t  p^T^ = p^T^, assuming, for simplicity, t h a t  the  m ean  molecu la r  
w e ig h t  p (= 1 / 2 ) is the  sam e in both  the media  in te rna l  and ex te rn a l  to the  
slab. The magnetic  field lines are tied to rigid walls at x= ± D on e i th e r  side 
of the  p rom inence  slab, r ep re sen t in g  the  photospheric  l ine - ty ing  effect.
The c h a rac te r i s t i c  sp eed s  t h a t  e n t e r  our  desc r ip t ion  of the  m odes  of 
oscillation of a p rom inence  slab are the  Alfven speed VA=(vA%+VAy)^'^^ , the
CgV*sound speed  Cg, the  magnetoacoustic  slow (cusp) speed c^ = —^ ^ ------ , and
th e  f a s t  sp e e d  c^= ( Cg+v^) (cf. Roberts ,  1985). T hese  s p e e d s  t a k e
d if fe ren t  va lues  in the in te r ior  of the  slab, w h e re  th ey  c a r ry  a suffix o' (for 
object),  and  the  ex te r ior  carry ing  a suffix 'e'. Thus v^g  deno tes  the  A l fven 
speed w i th in  the  slab, v^g  its va lue  in the  env ironm ent ,  etc. It is n ece ssa ry
also to in t roduce  A l fven speeds  based  upon  the sepa ra te  field co m p o nen ts  
B^, By of the  p ro m in en ce -co ro n a l  field. We set VAx=Bj^/(47cp) ^ / 2  and v ^ y  =
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B y / ( 47cp)^/^, w i th  p (=pQ or p^ ) denoting the  gas density; t h e n  v  ^  = B ^ / 47tp =
v L  + W i th
5.2. Derivation of the  d ispersion re la t ion
5.2.1 Bas ic  e q u a t i o n s :  We f i r s t  e l im in a te  the  m ag n e t ic  f ie ld and  gas 
p re s su re  p e r tu rb a t io n s  f rom  the  l inearized MHD equa t ion s  (1 .10)-(1 .14)  in 
Section 1.3.1, C hap te r  1, to ob ta in  th re e  coup led s e c o n d - o r d e r  o r d i n a r y  
d i f f e r e n t i a l  e q u a t io n s  in the  c o m p o n e n ts  v^(x), V y ( x )  an d  v^(x) of the
ve loc i ty  pe r tu rb a t io n .  These equat ions  are:
B^^DVy -2ikyDv^-kyk^V^.^-kyk^CCg+VA^)Vy +
V -  k^Cf- k y V A y K  = 0 .  (5.1a)
AyX^^^x ~ ^Ax^Ay{ ^^"^y'^y( ^y^y'^^z^z) )  ^^y^s^^^y ^
(co2-kyVAy)v^ = 0, (5.1b)
^Ax^Ay ^x^^^z^"^z"^y^xj ” ^ A x ^ ^ ^ y  ~ ^^y^s^"'^x~ |®^”^y^^s’^ ^Ax^|^y 
2 2kyk^(Cg+VAx)Vz = 0, (5.1c)
w h e r e  D z ^ .
E l im ina t ion  of v  and v^ f rom  Eqs. (5.1) in f a v o u r  of v^ y ie ld s  the  
follow ing s ix th -o rd er  o rd in a ry  differentia l  equat ion
+ 2 i k y  + ( f f l 2 - k y V A y ) ] [ c 3  + Z ik y C ^ V ^ ^ V ^ y  + (0 )2 c f  -
-  kyCgV% y)D 2 -  2 i k y  k2 Cg v ^ y D  + (0)4 -k 2  0)2cf + K 2 k y C g V A y ) ]v x
= 0 . ( 5 .2 )
The f i r s t  b r a c k e t e d  e x p re s s io n  r e p r e s e n t s  an A l fven  o p e r a t o r  and  the  
second express ion  r e p re se n ts  a magnetoacoust ic  opera tor .
The specia l  case of a pu re ly  long i tudina l  magnetic  field (B^=0, v^x^O)
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w as  discussed  in Chapter  II. From Eq. (2.3) in Chapter II, w e  found  that ,  in 
the  case  of a p u r e l y  long i tud ina l  field, the  A l fven  o p e ra to r  in Eq. (5.2) 
p r e s e n t s  s im p le  A lfven  w a v e s  p ro p ag a t in g  along the  y - d i r e c t i o n  w i t h  
f r e q u e n c ie s  co = kyVAy. The o rd e r  of the  m agnetoacous t ic  o p e ra to r  in Eq.
(5 .2 ), h o w e v e r ,  red u c e s ,  w i th  the  re s u l t in g  second o r d e r  d i f f e r e n t i a l  
e q u a t io n  allow ing only  for  a res t r i c te d  class of solutions  t h a t  cons is t  of 
magnetoacoust ic  surface and body  waves;  see Section 2.3 in Chapter  11.
By con tra s t ,  in Chap te r  111, w h e r e  w e  cons idered  th e  case of p u re l y  
t r a n s v e r s e  f ie ld (By = 0 , v ^ y  =0), w e  also a s su m e d  k y  = 0. The A l fven  
o p e ra to r  in Eq. (5.2) can t h e n  be ignored by  seeking solutions w i th  Vy = 0, 
and  so sa t is fy  Eq. (5.1c) t r ivia l ly.  Eq. (5.2) t h e n  red u c es  to Eq. (3 .11) of 
C hap te r  111, giving coup led m agne toacous t ic  w aves .  In th is  c h a p t e r  w e  
cons ider  the  genera l  solution of Eq. (5.2).
Equations  (5.1) and (5.2) app ly  both  inside (Ixl < a ) the  slab (w he re  the
u n p e r t u r b e d  d e n s i ty  is and Cg = Cg^  , v^x= v^xo > ^ A y ^Ayo ' ^A V Ao
and C|. = C|>q) and outside  (a < |x| < I) the  slab (where  the  d en s i ty  is p^ and c.
^se’ ^Ax '^Axe > A^y ' 'Aye ' Va -VAe and -  Cf )^.
For a uniform  u n b o u n d e d  m edium, we can su bs t i tu te  Dv^ =ik^v^ in Eq.
(5 .2 ) to give
[co2 - [o,4 - k 2 c' ^ ] = 0  , (5.3)
2 2 2 2 o o 2 2w i th  k^ = k^ + ky + kg = k^+ P  (where  = k y+k^ ). Eq. (5.3) is the  s t a n d a rd
d ispe rs io n  re l a t io n  for  MHD w a v es  in a uniform m edium ; cf. Eqs. (1 .19) 
and (1.23) in Chapter  1.
From  th e  l i n e a r i z e d  e q u a t io n s  of MHD, w e  m a y  a lso o b t a i n  th e  
re l a t io n sh ip s  b e tw e e n  va r ious  p e r tu rba t ion s .  These re l a t ion sh ips  m ay  be 
given as follows.
Write
„  A . 2 p 2 2X=CO^- CO^K^Cf + kyK ^ C gV ^ y ,
Y=0)2V Ax 2 2V 2 A 2 2  o \ 2 2 2 ) , 2 2 2 / ^ . _ 2 2CO"^ -K^ Ce IVA.J k,,C |-K^CWA^l-k_CWA_ co"^ -2 k^c.
(5.4)
(5.5)
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v L p - K 2c f J . c f x
Co2 -k2c2\2
A. Y
2 2^3=- 9 9 iCO^ -K^ C.
Zv Ax CO^ -K^ C2A 2 ikyV Ay CO2 - k^c 2A
y 2
^ 2 =^Ax CO^ -K^ C2 \
VaJco2 -k2c32^
i_Y
ikyZco^CgVAy
Y2
, 2 ? 2 2
kyCO  C g V A x ^ A y CO2 - 2 k2c2 \
^ r ^ A x 9  9  'CO^ -K^ C,
CO2- 2 k2c2 \ ZvAx
Y
co2 -k2c
-  1
/ 2A
Z2v Ax Co2 -ic2c2A
Y
iZkyV^x^Ay CO2 - 2 k2c2 \
^ 5 = - ^Ax
Y2 Y
Y2
A 1 Bx- A,
B3 =
B2 = “
B r  "
B,
^Ax^ 2  2ikyVAx^Ay^3 ^ co2 -k„vy  Ay
Ao
-y'' Ax'" Ay A 2
A0
ZikyV^x^AyAi ■’* A2 co2 kyV^y
Ar
A C o 2 -k  ,Vy  Ay
A,
C^= -CgB^tan* ,
(5.6)
(5.7)
(5.8)
(5.9)
( 5 . 10 )
( 5 . 1 1 )
( 5 . 1 2 )
(5.13)
(5.14)
(5.15)
(5.16) 
(5.17)
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C3 .  - C g ( B 4 t a n $  + I k y B j )  , ( 5 . 1 8 )
C4 -  - C g ( B 3 t a n $  + I k y B ^ )  , ( 5 . 1 9 )
C3 = - C g ( B 2 tan(|) + I k y B j )  , ( 5 .2 0 )
C2 “ - Cg ( Bj t a n ( j )  + i k y B 2 ) , ( 5 . 2 1 )
C r  - Cs ( B o t a n ( | )  + i k y B j )  , ( 5 .2 2 )
Cq= - ( tan( | )  + I k y Cg Bg )  , ( 5 . 2 3 )
E.
-C &6 kj, ’
' A . .  c i * ' ^ K j  
r  0)2  k  k liT"Bx + c
B3=
E2 =
El =
" kzv
0)2 kyk,
(  0)2 k \
k " '  ' kzj
E,
F7 -
F6 =
F5=
Fx =
E3 -
A . .  c  ï k ', k , " » '0 k z j
CgB^B^tan(|),
(B^tan(|) + 2 ikyB^)cgB^ ,
( B ^ t a #  + 2 îkyB^)CgB^ +
( B g t a #  + 2 i k y B 3 ) c X  + |^®^-kyCs^4By
(Bitan<|) + 2 ikyB2 )CgB,j + rco2-kyCg'B3 By
^ »2 -kyS>5B y  •
( B o t a #  + 2 i k y B i ) c X Z f o ^ - k y = s ' p 2 By '
Fl = taiKj) + 2 i k y C g B o
V J
Z 0)2 - k ^ c f ^ , B y ,
( 5 . 2 4 )
( 5 . 2 5 )
( 5 . 2 6 )
( 5 . 2 7 )
( 5 . 2 8 )
( 5 . 2 9 )
( 5 . 3 0 )
( 5 . 3 1 )
( 5 . 3 2 )
( 5 . 3 3 )
( 5 . 3 4 )
( 5 . 3 5 )
( 5 . 3 6 )
( 5 . 3 7 )
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G.
G
0 ^^yB% r CO^ -k y ^ s ^ o B y  ' (5.38)
7= “BjEg ,
V )
(5.39)
6= "(®x% + ikyByEg) , (5.40)
5= -(BgE^ + ikyByEj)  , (5.41)
4= 4- ikyByEg) , (5.42)
3= - (B x E z + IkyByE 3)  , (5.43)
2=-(BxEi + ik yB yE 2) , (5.44)
r  - ( B xEq + IkyByE 1), (5.45)
0= -ikyByE O' (5.46)
In Eqs. (5.4)-(5.46), the  quanti t ie s  have  the i r  app ropr i a te  va lues  Xq , , Zg
 and Xg , Yg , .... etc in the  regions o' and e', respect ive ly .
In t e r m s  of the  above  defini tions (Eqs. (5 .4)-(5.46))  w e  m ay  w r i t e  the  
p e r t u r b a t i o n s  in ve loc i ty  (v^,Vy,v^), p r e s s u r e  p(x), and  m ag n e t ic  fie ld 
(b^.by.bg) thus;
V y  = ( Cg  D 6 + C5 d 5  + C 4 d 4  + C 3 d 3  + C 2 D 2  + C j D  + C q ) v ^
V2 -  ( Eg + E5 D5 + E4 d4 + E3 D3 + E2 D2 + EjD + Eg)v^ 
2p = icopqC (B5 D 3  + B4 D 4  + B3 D 3  + B2 d 2  + BjD + Bq)Vj ,
(5.47)
(5.48)
(5.49)
1
b x  = i « B , ( B 5  D 5  V, + B4 D 4  V, + B 3  D 3  v ,  + B2 D 2  v ,  + ( B , - ^ ) D  +
by Z  (PyD? + Eg + F5 D5 + F4 D4 + F3 D3 + Fj D2 + Fi D + Fg )v,^, 
and
b z  = ^  ( G y  + G g  + G 5  D 5  + G 4  + G 3  d 3  + G j  d 2  + G ,  D  + G g ) v ,  
w h e re  (as ear l ie r)  Ds A  .
(5.50)
(5.51)
(5.52)
Unlike the  s i tuat ions  cons idered  in Chapters 11-lV, the  magnetic  field is 
no longer  a ligned to an axis of s y m m e t r y  of the  equ i l ib r ium  con f igura t ion 
disp layed  in Fig. 1.5. Consequently , the  solutions of Eq. (5.2) do no t  possess 
a v e r y  h igh  degree  of s y m m e t r y  ( cf. Schwartz  and Bel, 1984a).  We w r i te  
th em  in the  genera l  form
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>«C4=<
a a + +ik (x+a) ik (x+a) ik , (x+a) ik  ^ (x+a) a ^ e  le +a2  ^ 2e +a?e le +a^e 2e
ik (x+a) ik (x+a) g- +a^e le +a^e 2e -Ux<-a
a a + +
o ik X „ ik X „ ik X „ ik x (3j6 lo + ^2 ^ 2o +(3^0 lo + (3^e 2o
o ik X „ ik X + p^e lo +P(5e 2o -asx<a
a a + +
ik (x-a) ik (x-a) ik (x-a) ik (x-a) Yje le +7 2^ 2e +7^6 le +7^6 2e
ik (x-a) ik (x-a) g-+756 le +7^e 2e a<x<l
w h e r e  a j - a ^ ,  and are a rb i t r a ry  constants. In each of the  regions
o' and 'e', the  w a v e n u m b e r s  kj and k \  are  s imp ly  the  effect ive  x-a l igned
w a v e n u m b e r s  of the  two oppo s i te ly  p ropaga t ing  A l fven  w a v e s  and  are  
g iven  by  the  solutions of the  f i rs t  b racke ted  te rm  in Eq. (5 3):
a (co~kyV Ay ) a (co+kyVAy )
-- ' 2 ~ ~V (5.54)Ax Ax
Similarly, the  quan t i t ie s  k |  and k^ are the  x-a l igned w a v e n u m b e r s  of the
two (slow or fas t )  m agnetoacoust ic  waves ,  w i th  '+' r e p r e s e n t in g  the  slow 
w a v es  and  '-' r ep re se n t in g  the  fas t  waves .  They are  s imp ly  the  solutions of 
the  qu a r t ic  (in k^) eq ua t ion  g iven  by  the  second b ra c k e te d  e x p re ss io n  inILEq. (5.3). This <^rtic equa t ion  is
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2 2 , 4  2 , 3 / 9 2  2 9 2  , 2 2 2 \ 2 - 2 9  , ,^ y ^ s ^ A x ^ A y ^ x  ^Ax ^y^s^Ay r x  "" ^Ax^^Ay y x
+ jco^ - co^K^c^ + kyK^CgVAyl = 0 . (5.55)
Exact analy t ica l  solutions of this  quar t ic  equa t ion  can be obta ined ;  see the  
f o r m u l a e  in A m b r a m o w i t z  and S tegun  (1964) .  We a lso n o te  t h a t  the
w a v e n u m b e r s  k ^  2 ) 2 ) a lways real,  w h e r e a s  the  w a v e n u m b e r s
k(i 2 ) are  in genera l  comp lex conjugate pairs (cf. Schwartz  and Bel, 1984a).
In the  l imit  of e x t re m e ly  long w av e l e n g th s  ( kC<<1), all six w a v e n u m b e r s  
are  rea l  w i t h  k^ = -k^, k \  = -k^ and k  ^ = - k 2 - We m ay  t h e n  c lass ify the
solutions of Eq. (5.2) in t e rm s  of even  (kink) or odd (sausage) e igenm odes  
(cf. Chapters  11, 111 and IV; see also Joarder  and Roberts, 1993b)  per ta in ing  
to th e i r  b e h a v io u r  in the  long w a v e l e n g th  ex trem e.  Following C hapte r  111, 
the  n o rm a l  modes of the equ i l ib r ium  conf iguration (Fig. 1.5) can f u r t h e r  be 
classified as interna l  m odes  or external  modes.  The d ispers ion re la t ions  for 
the  f o r m e r  is p r incipa l ly  d e te rm in e d  by  the  w a v e n u m b e r s  (kjg, k^g, k^g,
k 2 g) i n te r n a l  to the  slab, w h e r e a s  the  d ispers ion  re l a t io n  for  the  l a t t e r  
modes are  principa l ly  d e te rm in e d  by the  w a v e n u m b e r s  (k^^, k^g, k^g, k^g)
ex te rn a l  to the  slab.
The e ig h te e n  a r b i t r a r y  con s tan ts  in Eq. (5.53) are  d e t e r m i n e d  by  the  
choice of a p p ro p r i a te  b o u n d a ry  conditions. As in Chapter  111, w e  impose  
l ine- ty ing  b o u n d a ry  conditions at x=± I:
v^(±C)=Vy(±C)=Vg,(±C) = 0 . (5.56)
For t h e  r e m a in in g  tw e l v e  b o u n d a r y  condit ions ,  w e  im p o s e  th e  MHD 
c o n t in u i ty  condit ions  (3 .17)- (3 .23)  in Section 3.2.2, C hap te r  111. For the  
si tuat ion cons idered  here , these  conditions imp ly  tha t
v^, v_, Vy, p, b» and by are cont inuous across x=±a. (5 .5 7 )
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y;
rr _ J r ^ n < 1 2
2.n ~ |exp[ik ( j^_ j2 )e^^"^^ J 18 > n > 1 2  ’ (5.65)
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Note th a t  the  cont inu i ty  of the  n o rm a l  com p o nen t  of the  magnetic  field 
p e r tu rb a t io n  is Imp lied by  condit ions (5.57).
5 .2 .2  T h e  d i s p e r s i o n  r e l a t i o n :  A ppl ica t ion of the  a b o ve  b o u n d a r y
condi t ions  to solutions  (5 .53) leads  to th e  gove rn ing  d ispe rs ion  re la t ion.
This d i spe rs ion  re la t ion is given in the  following. For brev i ty ,  we  w r i te
= k j ,  fe.2 “ k 2 , = k | ,  = k 2 * R.5 = k j ,  = k 2 . (5.58)
It is c o n v en ien t  to define the  following quanti t ies:
Lj .  - iCgk? + - iCgk^ - + iC^kj + Co , (5 .5 9 )
Mj = - + iE^k? + E^k'l - iEgk^ - E2f t‘ + iE^kj + Eq , (5.60)
Nj = iB^Lj + B^R.j - iB^Lj - B2 .^j + iBjfe.j + Bq , (5.61)
Oj .  iPykj" 4. - IF^k? - F^kj^ 4. iF^k? 4. Fzk^ -iPikj  - Fq , (5.62)
P |  =  i G y L j  4- G g L j  -  i G ^ L j  -  G ^ L j  4- i G g ^ j  4.  G 2 ^ j  - i G | L j  -  G g  , ( 5 . 6 3 )
w h e r e  j = l , 2 , .........6 , and the  con s tan t s  Cj, Ej, Fj and  G: a re  de f ined  in Eqs. -4
(5 .4)-(5.46).  The quan t i t ie s  in Eqs. (5 58) - (5.63) take  on the i r  a p p ro p r i a te  
va lu e s  (tjg, Ljg, Mjg, Njg, Ojg, Pjg ^nd k/jg, Ljg, Mjg, Njg, Ojg, Pjg in the  regions  
o' and 'e', respec t ive ly .
The d isp e r s io n  re l a t ion  descr ib ing  the  v a r io us  m odes  of the  slab can 
now be w r i t t e n  in the  form  of a d e t e r m i n a n t  of o rd e r  18, w h ich  m us t  be 
singu lar  for  the  no rm a l  modes to exist.  The e lem ents  (m, n =! , . . . !8 ) of
this d e te r m in a n t  are  given in t e rm s  of the  quanti t ies  def ined  in Eqs. (5.58)
- ( 5 .6 3 ). These e lem en ts  are
n 3,n n < 6 18 > n > 6 ( 5 .6 6 )
n n < 12lL (n- 1 2 ) e e x p [ i ^ n - 1 2 )e ( t -a) ]  18 > n > 1 2 '
n  _ l^neexp l- i fe -ne^ t -a ) ]
5'" '  1 0
0
n
n < 6
18 > n > 6
n < 12
n 7,n
(n-1 2 )e^^^'l ^*^(n-1 2 )e' 
1.0
e x p [ -  lfe-(„_6 )oa]
0
n < 6 
1 2  > n > 6 ; 
18 > n  > 12
(5.67)
( 5 .6 8 )
(5 .69)
(5.70)
n , ,n
0
exp[ifc(„ .g)oa]
- 1.0
n < 6 
1 2  > n > 6 ; 
18 > n > 12
(5.71)
n
Lne
9,n ■L(n-6 )o®^p[ “‘^ 11-6 )0 ^ ]
n £ 6 
1 2  > n > 6 ; 
18 > n > 1 2
(5/72)
n 10,n L(n-6 ) o e * p [ i ^ n - 6 )oa] 12  > n > 6 ;
■L(n -1 2 )e 18 > n > 12
n
Mne
1 l ,n
1  ^ 6 
-M(n-6 )oexp[-ife'(n-6 )oa J  ^ n > 6 ;
0 18 > n > 12
(5.73)
(5.74)
n 12,n
U ,r 1 n < 6
^ ( n - 6 )o^^^L ^^(n-6 )o^ j ^^ Î n > 6 ;
“^(n-12)e 18 > n > 12
(5.75)
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n 13,n
Nne 1 n  < 6
- % - 6 )oexp|.-ik/(n-6 )oa j  ' A ;
0 18 > n > 12
(5.76)
n 14,n ^ (n - 6 )o®^p[ ^^(n-6 )o^ ]
-N ( n - 1 2 ) e
n
0
n < 6 
1 2  > n > 6 ; 
18 > n > 12
ne
15,n
r 1 n < 6
- 0 (n-6 )o^^p|. -^^(n-6 )o^j  ^  ' A :
0 18 > n > 12
(5.77)
(5.78)
^16,n “ i  ^(n-6 )o^^p[ ^^(n-6 )o^ ]
-0 (n -1 2 )e
n
ne
n < 6 
1 2  > n > 6 ; 
18 > n > 12
n < 6
17,n ■P(n-6 )oexp[-iSî 'di-eioa] 1 2  > n > 6 ;18 > 11 > 120
n
0
18,n ^(n-6 )o®^p[ ^^(n-6 )o^ ]
-P ( n - 1 2 ) e
n < 6 
1 2  > n > 6 , 
18 >n > 12
(5.79)
(5.80)
(5.81)
The v a n i s h i n g  of th e  d e t e r m i n a n t  of t h e s e  e l e m e n t s  p r o v i d e s  th e  
d ispe rs ion  re la t ion  for the  no rm a l  modes of v ib ra t ion  of th e  slab. In v iew  
of its obvious  comp lex i ty ,  this  d ispers ion  re la t ion  wil l  not  be w r i t t e n  out  
explicitly.
5.3. The n a tu r e  of the  modes
The m a t r ix  d i sp e r s io n  re l a t io n  w h o se  e l e m e n ts  are  d e sc r ib e d  by  Eqs. 
(5 .64)-(5 .8  1 ) is too comp l ica ted  to p e rm i t  us to d r a w  i m m e d ia te l y  an y  
conclusions  as to the  n a tu r e  of the  m ag n e to h yd ro d yn am ic  n o rm a l  modes  of 
osc i l la t ion of th e  p l a s m a  slab and  its e n v i r o n m e n t .  H ow ev e r ,  in  th e  
e x t r e m e  of long w a v e l e n g th s  ( k C < < 1 ;  equiva len t ly ,  k y = k g = 0 )  w e  can m ake  
s ign i f ican t  s im p l i f ica t ions  and  these p e rm i t  us to desc r ib e  th e  v a r io u s
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m odes  in som e detail .  The g e n e ra l  case of a r b i t r a r y  kC is d e t e r m i n e d  
e n t i r e ly  num er ica l ly .  For condit ions in p rom inences  it t u r n s  out  t h a t  kL is 
of the  o rd e r  of un i ty  or la rger  and so the limit of sma l l  kC is not  direc t ly  
app l icab le  to p ro m in e n ce s  (see Section 5.4). However,  it t u r n s  ou t  t h a t  
th e r e  are  g e n e ra l ly  sma l l  changes  in the  f r eq u en c ie s  of the  m odes  as kC 
increases  f rom  sma ll  va lues  to va lues  of order  unity. Thus an exam ina t ion  
of the  e x t r e m e  of sma l l  kL s e rves  as a usefu l  guide to the  n a tu r e  of the  
modes e v e n  w h e n  kC is of order  uni ty  or larger.
In the  l imit  of long w a v e l e n g th s  the  var ious  w a v e n u m b e r s  descr ib ing  
the  A l fven  m odes  (Eq. (5 .54))  and the  (slow or fas t )  m a g n e to a co u s t ic  
modes (Eq. (5.55)) take  the following simplified forms:
a . a CO . a , a COlo ^ - k 2 o '^ ^Axo ' ^ le  = - ^ 2 e =^ ^Axe
+ + CO + + CO
lo " ■- k i o  ' ± ’ ± ’Cq
(5.82a)
(5.82b)
w i th  the  speeds  given by
± n: 1 2 / 4 ^ 2  2 \ l / 2 1 - l / 2Cq ^  ^^Axo^soj ^fo“ ^fo ^^Axo^so 
* V
(5.83a)
CgW2 v ( 2 4 . 2 2 M /2I - I / 2A xe^ seA fe- ^fe Axe^se (5 .83b)
The sp eed s  c^^^) are  s im p ly  the  x-al igned phase  speeds  of the  slow and
fas t  m agne toacous t ic  modes, w i th  '+' re fe r r ing  to the  slow modes  and 
re fe r r ing  to the  fas t  modes.
For a p u re ly  t r a n s v e r s e  field (v^yo=v^yg=0 giving v^^^= v ^ ^  and v^^^=
v^g), Eq. (5.83) gives c  ^ =Cg  ^ , Cg=Cgg , c^=v ^ q and c^=v^g , con s is ten t  w i th
C hap te r  I II .  We note,  h o w e v e r ,  t h a t  the  a sym pto t i c  sp e ed s  t h a t  w e r e  
o b t a i n e d  for  the  m a g n e to a c o u s t ic  m odes  in C h ap te r  II, in th e  long 
w a v e l e n g t h  e x t r e m e ,  c a n n o t  be r e c o v e r e d  in th is  w a y  b y  s im p l y  
subs t i tu t ing  Eq. (5.83). This is because  of the  fac t  t h a t  Eq.
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(5 .8 3 ) is d e r iv e d  f rom  a d if fe ren t ia l  equa t ion  th a t  is of h ig he r  o rd e r  t h a n  
t h a t  o b t a i n e d  in C h ap te r  II and  ow es  its ex is tence  sole ly  to a n o n ­
v a n i s h i n g  t r a n s v e r s e  f ie ld  c o m p o n e n t  (v ^ ^  ^  0 ), t h u s  y i e ld in g  a
charac te r is t ica l ly  d i f fe ren t  spec t rum  for the  modes th a n  th a t  w as  fo u nd  in 
Chapter  II; see also Schwartz  and Bel, 1984b. We may, of course,  obta in  the  
l imiting v a lu e s  for  the  x-a l igned  phase  speeds  in Eq. (5.83) in the  case of 
an e x t r e m e l y  sma l l  ang le  (|) of inc l inat ion of the  app l ied  m agne t ic  field 
w i th  the  axis of the  slab (ie, for |tan(|)| « 1 ). the  limiting v a lu e s  are
Co =  CTToSinil), cl ~ c.[.gSm(|) , . ( 5 . 8 4 )
We now  descr ibe  the  b eh av io u r  of the  var ious  MHD modes, n a m e l y  (a) 
the  Alfven modes  and (b) the  magnetoacoust ic  modes of the  p l a sm a slab in 
the  l imit  of long w ave l e n g th s  (kC<<1 ).
(a) The A l f v e n  modes .  In th e  e x t r e m e  of long w a v e l e n g th s  ( kC<<1), Eq. 
5 .1 (a) t ak e s  the  form
^ 2  .
^Ax y
V, = 0 . (5.85)
In b o th  the  reg ions  o' and 'e', the  A l fven w a v e s  th u s  sa t i s fy  a s im p le
h a rm o n i c  w a v e  e q u a t io n  and are  decoup led  f rom  the  m ag n e to acou s t ic
w a v e s .  The A l f v e n  w a v e s  h a v e  v e lo c i ty  p e r t u r b a t i o n s  t h a t  a re
p r e d o m in a n t l y  in the  z-direct ion. Accordingly, the  d ispe rs ion  re l a t ion  for
the  A l fven  modes  of the  slab, in the  limit kC<<1, can now  be o b ta in ed  for
the  e v e n  (cos ine)  or odd (sine) solutions  of Eq. (5 .85) b y  im po s ing  the
dvb o u n d a ry  condit ions (5.56) and (5.57) on v^ and (= - ^ ) ;  see Eqs. (5.48) 
and (5.52). For the  even  A l fven  modes, the  resu l t ing d ispers ion re la t ion is
^Pe^i/2 co(C-a) coacot-    t a n -  = 0 . (5 .8 6 )Axe "^Axo
This e q u a t io n  is similar to the  d ispersion re la tion (3.41) ob ta ined  in Section
3.3, C hap te r  I II  for  the  slow k ink  modes or the  fa s t  sausage  m odes  of a 
low-p tw o  d imensional  p lasm a slab.
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When, as in the  case of a p rom inence ,  the  p la sm a slab is m uch  d e n se r  
t h a n  its su r ro u n d in g s  (see Table 1.1, Section 1.1.2 in Chapter  I) so th a t  
<< 1, the  f req uenc ie s  of the  e ven  Al fven modes are g iven by
coa
’^ Axo
V Axo (5.89)
The re s u l t  (5.89) for  the  f r e q u e n c y  of the  fu n d a m e n ta l  e v e n  Alfven  mode 
is s imi la r  to Eq. (3.48b) in Chapter  III  for the  case of the  f u n d a m e n ta l  slow 
k ink  mode in a lo w -b e ta  (v^^^ > Cg^ , v^^^ > Cg )^ p lasm a slab t h r e a d e d  b y  a 
p u r e l y  t r a n s v e r s e  (By = '^Ayo " ^Aye " magnetic  field (see also Tab le  
3.1), Eq. (5 .89)  h e r e  p ro v i d e s  a good a p p ro x im a t io n  fo r  th e  a c tu a l  
f r e q u e n c y  of the  e v e n  A l fven mode, prov ided  a/C is in the  range  (pg/pq) to 
(pe/po)^"^^- For exam p le ,  in a slab of w id th  2a= 5000  k m  and  a d e n s i ty  
c o n t ra s t  of p^= 1 O^p^, Eq. (5.89) p rov ides  a good e s t im a te  to the  f r e q u e n c y  
of the  e v e n  mode solution for 2 t  in the range 5 10'^-5 10^ km. These va lues  
are  in accordance w i th  p rom inence  p a ra m e te r s  (see Section 5.4 for details) ,  
and so th e  e s t im a t e  (5 .89)  is g e n e ra l l y  app l icab le  u n d e r  p r o m in e n c e  
conditions.
Thus, the  f r e q u e n c y  of the  fu n d a m e n ta l  even  Alfven mode is e ssen t ia l ly  
the  sam e as the  fu n d a m e n ta l  f r e q u e n c y  of a m ass- loaded  s t re tc h ed  string;
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'g
-X.7C, (5.87) I
for th e  h a rm o n i c s  {X = 1,2,3 ) of the  in te rn a l  ev en  Alfven  (lA^) modes,
and
co(C-a) .—;------= Vm:, (5 .8 8 )^Axe
for the  h a rm on i c s  (V  =1,2,3....) of the ex te rna l  even  Alfven (EA^) modes.
The f r e q u e n c y  of the  fun dam en ta l  e ven  A lfven (fA®) mode is, h o w ev er ,  f
given  b y  the  lo w e s t  f r e q u e n c y  solution of Eq. (5.86). For sma l l  p^/p^ and
sma ll  a/C, th is  solution g ives (see Eq. (3.47) and (3.48) in Chapter  I II  for  a 
deta i led der iva t ion)
cf. Eq. (1.39), Section 1.4.3 in Chapter  I. Accordingly, we  r e fe r  to th is  mode
as the  str ing A l fven  ( mode.  The exis tence  of such  an osc i l la tory
mode  in p ro m in e n ce s  has  also b e e n  po in ted out  by  Rober ts  (1991c)  and  
Jo a rder  and Roberts  (1992b,  c, 1993a,b).
The d i sp e r s io n  re l a t io n  for  the  o d d  A l fven  m odes  follows  f ro m  Eq.
coa . , coa ,(5.8 6 ) on rep lacing tan~ by  - c o t -  . In the  limit of long w a v e l e n g th s^Axo ^Axo
and for  an  e x t r e m e l y  den se  p l a sm a slab, the  f r e q u e n c ie s  of t h e s e  odd 
modes are  g iven  by
coa TC -----=(2A,+ l):r,  X = 0 , l ,2 ......  (5 .90a)^Axo ^
for the  in te rn a l  odd A l fven (lA^) modes, and 
co(C-a)
^Axe X^ K. =1,2  (5.90b)
for the  e x te rn a l  odd A l fven (EA°) modes.
(b)The Magnetoacoust ic  Modes. In the limit of long w av e l en g ths ,  Eq. (5.1b, 
c) red u c e  to,
_ v^jVAyD^Vy + = Û (5.9 13)
and
” 0- (5 .91b)
E limination of e i th e r  v„ or v^  f rom Eq. (5.9 1 a, b ) resu l ts  in
or
v^ = 0 ,  (5 .92a)
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D2 - 2 \CO D2- 0)2 ^ V y  = 0. (5.92b)
Each of th e  m agne toacous t ic  (slow and fas t )  w a v e s  th u s  sa t is fy  a s imp le  
h a rm o n i c  w a v e  e q u a t io n  w i t h  its d i rec t ion of v ib ra t io n  being  con f ined in 
the  x -y  p lane in this  l imit  of long w a v e l e n g th  of p ropaga t ion  of the  waves;  
note t h a t  the  t e rm s  conta in ing v^ and its de r iva t ives  in Eq. (5.1b, c) become 
a rb i t ra r i ly  sma ll  as ky and k^ app roach  to zero.
W hen  the  app l ied  magnetic  field is in a nea r ly  long i tudina l  direction, (j) -
0 and B, Ax 0, Eq. (5.92a, b) gives.
d 2 + CO
2\
V, 0, Vy 0 (5.93)
for th e  m agne toacous t ic  f a s t  w a v es .  So for  n e a r l y  long i tud ina l  m agnet ic  
f i e ld ,  t h e  long w a v e l e n g t h  f a s t  w a v e s  h a v e  t h e i r  p o l a r i z a t i o n  
p re d o m in an t ly  in the  x-direction.
For p e r t u r b a t i o n s  of long w a v e l e n g t h s  (kC << 1) a n d  for  a n e a r l y  
lo n g i tud in a l  (<()- 0 ) magnetic  f ie ld direction, the  l imiting v a lu e  of the  x- 
aligned w a v e n u m b e r  of the  slow w a v e s  is g iven  by  (see Eq. 5.84)
k-
1/2
0)
^Ax^s c-psin(j) (5.94)
It  t h e n  follows, f rom Eq. (5.91 ), t h a t
V, (5.95)
for the  m agne toacous t ic  slow w aves .  The d irec t ion of v ib ra t io n  for th ese  
slow w a v e s  is p r e d o m in a n t l y  in the  y - d i r e c t io n  in th is  e x t r e m e  of long 
w a v e l e n g th s  and  for an a lmost  long i tudina l  applied magnetic  field.
For a p u re ly  t r a n s v e r s e  magnetic  field ((j) = tc/ 2. By = v ^ y  = 0), w e  obta in
from Eq. (5.9 1 ),
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^ 2d2 + “  = 0 (5 .96a)
for the  slow w aves ,  and
Vy = 0 (5.96b)
for  th e  fa s t  w aves .  Note th a t  Eq. (5.96a, b) is, in fact ,  the  sam e  as Eqs. 
(3.43) and  (3.44) of Chapter  III w i th  v^ rep laced by  Vy.
nIn the  gene ra l  case of a skew ed  (0 <([)<“ ) magnetic  field, both  the  long
w a v e l e n g th  slow and fas t  magnetoacoustic  modes of the  slab will, how ever ,  
h a v e  an  a p p r e c i a b l e  v e lo c i ty  p e r t u r b a t i o n  in th e  x - d i r e c t io n ,  t h u s  
disp lacing the  slab in te r faces  latera l ly . Therefore,  as in Chapters  I I-IV,  w e  
a p p ly  th e  t e r m s  k i n k  and  sausage  m odes  for a d e s c r ip t io n  of t h e s e  
magnetoacoust ic  modes of the slab, in the  limit k C < < 1 .
To o b t a i n  t h e  d i s p e r s i o n  r e l a t i o n s  for  th e  k in k  a n d  s a u s a g e  
m agne toacous t ic  modes of the  slab, w e  s im p ly  cons ider  the  e v e n  (cosine) 
or odd (sine) solutions of Eq. (5.92) in both  the  regions ins ide  and outs ide  
the  slab. App l ica t ion of the  b o u n d a ry  condit ions (5 56) and  (5.57) on v^.
dv.
P V t ]  Py
dVyA
dx th en  yie lds the  r eq u i re d  d ispe rs ion  rea l t ions
for the  m agne toacous t ic  modes in th e i r  long w a v e l e n g th  e x t re m e .  For the  
k ink  modes this d ispers ion re la t ion reads
co(C-a) coa—  cot— 7— - ta n —y = 0, (5.97)
(Poj c; c ;
w i t h  '+' r e p r e s e n t in g  the  slow modes and r e p re se n t in g  th e  fa s t  modes. 
The d i sp e r s io n  re l a t io n  for  the  m agne toacous t ic  sausage  m odes  can  be
coa coaob ta ined  by  rep lacing ' tan— ' by '-cot— ' in Eq. (5.97).
Co c-
I t  m a y  be n o ted  t h a t  in C hap te r  II I  (cf. Section 3.3), a d i sp e r s io n
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r e l a t io n  of th e  form  (5.97) w as  assoc ia ted  w i th  the  f a s t  sausage  m odes  
(and n o t  the  fa s t  k ink  modes, as is the  case here) .  This w a s  becau se  the  
v e l o c i t y  p e r t u r b a t i o n  of t h e  long w a v e l e n g t h  f a s t  m o d e s  w a s  
p r e d o m in a n t l y  in the  z -d i rec t ion  in the  two d im ens iona l  case of Chapte r  
III.  As n o ted  in Section 3.3 (see also Eq. (5.48) in Section 5.2.1), an e v e n  
func t ional  b e h av io u r  of v^(x) imp l ied  an odd funct ional  b e h a v io u r  of v^(x), 
and  so f a s t  modes  assoc ia ted w i th  an e v e n  v^(x) w e r e  t h e r e  c lass if ied as 
fas t  sausage  modes.  This comp l ica t ion in re fe r r ing  to the  m odes  is h e re  
r e m o v e d  as the  ve loc i ty  p e r tu rb a t io n s  per ta in ing  to the  long w a v e l e n g th  
fa s t  m odes  a re  n o w  con f ined  to the  x-y  plane, w i t h  the  p e r t u r b a t i o n  
a m p l i t u d e s  v^ (x)  and  V y ( x )  be ing  e i t h e r  b o th  e v e n  or  b o th  odd,  
s im u l taneous ly :  see Eq. (5.46) w i th  ky = k^ = k = 0.
Since the  d ispers ion re la t ions  for the kink and sausage m agnetoacoust ic  
modes in Eq. (5.97) are  essen t ia l ly  simila r to the  correspond ing  d ispers ion  
re la t ions  for  the  e v en  or odd A l fven modes (see Eq. (5.86)), the  f requenc ie s  
of th e s e  m agn e to acou s t ic  m odes  follow im m e d ia te l y  f ro m  Eqs. (5 .87)  -
(5 .90) .  We on ly  w r i t e  h e r e  th e  f r e q u e n c i e s  of t h o s e  f u n d a m e n t a l  
m a g n e to a c o u s t i c  m o d es  w h ic h  m ay  be i m p o r t a n t  in t h e  c o n te x t  of 
p r o m in e n c e  osc i l la t ions  (see Sect, 5.4). For the  m a g n e to a c o u s t ic  k in k  
modes, f req u en c ie s  are  given by
■f
(5 .98a)
for the  f u n d a m e n ta l  slow k ink  (fS^) mode, and
(5.98b)
for  th e  f u n d a m e n t a l  fa s t  k ink  (fF^) mode. In w r i t ing  (5.98a, b) w e  h av e  
a s su m e d  the  sam e order ing  in p^/p^ and a/C as for the  A l fven  mode case 
d i s c u s s e d  e a r l i e r ;  see  d i s c u s s io n s  fo l low ing  Eq. (5 .8 9 ) .  B oth  t h e  
f u n d a m e n t a l  m ag n e to a c o u s t ic  k ink  m odes  are  t h e n  a na logous  to th e  
f u n d a m e n t a l  mode of v ib r a t io n  of a m ass - lo ad ed  s t r e t c h e d  s t r ing  (see 
Chapte r  I, Section 1.4.3). Following Section 3 3 in Chapter  III ,  w e  re f e r  to 
these  modes  as the  s low  string mode  and the  fa s t  (Fg^^j^g) str ing
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mode.
Fina l ly ,  t u r n i n g  to th e  s a u sa g e  modes ,  t h e  f r e q u e n c i e s  of th e  
f u n d a m e n ta l  (slow and fas t)  magnetoacoust ic  in te rn a l  sausage  modes  are  
g iven  by
coa 7c ,—  = ' (5.99)
w i th  '+' r e fe r r ing  to the  slow (flS^) mode and re fe r r in g  to the  fas t  (flF^) 
mode.
5.4. Per iods
The fo rm u l a t io n  in Section 5.2 prov ides  us w i th  a m eans  for d e te rm in in g  
the  f r e q u e n c ie s  of the  modes  of oscillation of a dense  slab in a s k e w e d  
m agne t ic  field, b u t  its a lgebraic  comp lex i ty  (see Eqs. (5 .64)-(5 .8  1 )) s e rves  
to o b sc u re  th e  n a t u r e  of tho se  modes . Only in the  l im i t  of v e r y  long 
w a v e l e n g th s  (kC<<1 ) is t h a t  obscur i ty  lifted suff iciently  for us to shed  light 
on the  basic  s imp l ic i ty  of the  slab's moda l  s t ru c tu re  and p a r t icu la r ly ,  its 
ana logy w i t h  th e  v ib ra t io n s  of a m ass- loaded  s t r e tc h e d  s t r ing  (Section
5.3). To f u r t h e r  our  inves t igat ion,  it is nece ssa ry  to cons ider  a n u m e r ic a l  
app roach,  adopt ing  p a r a m e te r  va lues  appropr i a te  to a p rom inence .
We cons ider  a slab of gas dens i ty  p^=2 10“!^ gcm"^ ( n u m b e r  d e n s i ty  of 
abou t  1 0 1   ^ p e r  cm^) and t e m p e r a tu r e  T^ =8000 K, e m b e d d e d  in a magnetic  
field of s t r e n g th  B= 12G which  is incl ined at an angle =20° to the  long axis 
of the  slab. The sound speed  w i th in  the  slab is according ly  Cg  ^ = 15 k m s '^  
and the  slab's  A l fven speed is v^ ^  = 74 kms~^; these  sp e ed s  im p ly  a cusp 
speed  of c^q =14.6 k m s “  ^ and a fas t  speed  of c^  ^ = 75.5 kms"^. The slab's 
e n v i r o n m e n t  is a s s u m e d  to h a v e  a t e m p e r a t u r e  T ^= 1 0 ^K, im p ly in g  a 
d ens i ty  (since p^Tq=p^T^) of p^= 1.67 10"^^ gcm~^ (corresponds to a n u m b e r  
d e n s i ty  of a bo u t  1 0  ^ part ic les  pe r  cm^). The n u m b e r  d e n s i ty  in the  slab's 
e n v i r o n m e n t  is r a t h e r  l a r g e r  t h a n  th e  1 0  ^ p a r t i c l e s  p e r  cm^ t h a t  
o b s e r v a t io n s  of the  p ro m in e n ce  e n v i r o n m e n t  suggest;  see Tab le  1. 1 in  i
Section 1.1.2, Chapter  I. Such an ove r -e s t im a t io n  of the  va lue  of p^ m ay  be |vjian a r t e f a c t  of o u r  mode l ' s  s imp l ic i ty;  in any  case, it  does no t  g r e a t l y  |
in f luence  th e  p e r io ds  of th e  osc i l la tory  modes  of a p ro m in e n c e ,  tho se  I
p e r iod s  be ing  p r inc ipa l ly  d e te r m in e d  by  the  condit ions  i n t e r n a l  to th e  i
prom inence  slab (see Section 3.4, Chapter  III).  j
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W ith  the  above  v a lu e s  of the  p la sm a p a ra m e te r s  in the  p ro m in e n ce  
e n v iro n m e n t ,  th e  assoc ia ted  coronal speeds  are th e n  g iven  by  Cg^  = 166 
k m s '  ^, v ^ g  = 828 k m s “ ^  0^^= 163 k m s “  ^ and c^^ = 8 4 4  k m s"   ^ T h e  
p ro m in en ce  slab is ta k e n  to be of w id th  2a = 5000 km, len g th  L=2 lO ^km  
and h e ig h t H=5 10^ km.
In  C hap te r  III  w e  con s ide red , so m e w h a t  a rb i t ra r i ly ,  an an ch o r  po in t  
s e p a ra t io n  d is tance  of 2 l  = 2 0a  for the  m agnetic  fie ld lines th re a d in g  th e  
p rom inence . In v iew  of the  u n ce r ta in ty  in de te rm in ing  an e ffective  anchor 
po in t  s e p a ra t io n  dis tance  for th e  m agnetic  field lines in th e  com p l ica ted  
s t ru c tu re  of a q u iescen t  p rom inence , w e now  consider tw o  v a lu es  for th is  
d is tance  2t, nam e ly , a distance 2C = 7.3 10"  ^ km  (=Ltan(|)), and a d istance  2 t  
= 1.6 10^ km  (=7cH). The f i r s t  case p ro v id es  a m in im u m  v a lu e  fo r  the  
s e p a ra t io n  d is tan ce  2l, w h i le  th e  second case p ro v id es  a (p re s u m a b ly )  
m ore rea l is tic  e s t im a te  (which in fac t correspon ds  to the  c ircu m fe ren ce  of 
an  a lm o s t  s e m i-c irc u la r  coronal a rcade  su p p o r t in g  th e  p ro m in e n ce ) .  A 
co n s id e ra tio n  of th ese  tw o  d if fe ren t  v a lu es  allows us to d e m o n s t r a te  the  
n a tu re  of th e  dep en d en ce  of the  periods of the  modes on the  d istance  2l.
The v e r t ic a l  and h o r izo n ta l  m oda l  s t ru c tu re  of th e  v ib ra t in g  slab is 
defined  by  se tting  ky=m7i;/L and k^=mi/E, for in tegers  m and n describ ing
th a t  s t ru c tu re  a long the  leng th  L and h e igh t  H (see C h ap te rs  II and  III) . 
This co rresp o n d s  to our choosing m odes th a t  have e i th e r  n oda l  lines (even  
m odes) or an t in oda l  lines (odd m odes) on the edges of the  slab; see Section
2.4, C hap ter  II. W ith  th e  above  choice of va lues  for the  len g th  and  h e ig h t  
of th e  s lab , th e  p r in c ip a l  ( fu n d a m e n ta l ,  ie. m = l ,  n= 1 ) m ode  h a s  
d im e n s io n le s s  w a v e n u m b e r s  kC ~ 2.4 and 5.0 for 2 t  = 7.3 lO'^ km  and  
2C=1.6 10^ km, respective ly .
F rom th e  d iscussion in Section 5.3, we m ay suppose  th a t  th e  m odes of 
m ost in te r e s t  in a p ro m in en ce  slab are the  th re e  s tr ing  m odes, to g e th e r  
w i th  th e  fu n d a m e n ta l s  of the  in te rn a l  A lfven mode (fIA°) and  th e  slow 
(f lS^) and  f a s t  (flF^) i n te r n a l  m ag n e to a co u s t ic  m odes . T h ese  m o d es  
typ ica l ly  have  app rec iab le  k inetic  en e rg y  densities.
F igure  5.1 d isp lay s  th e  r e s u l t s  of a n u m e r ic a l  so lu tio n  of th e  fu l l  
d isp e rs io n  re la t ion , indicating  the  fu n d a m e n ta l s  and th e i r  f i r s t  ha rm o n ic s  
for b o th  in te rn a l  and e x te rn a l  modes. The figure  is d ra w n  for 2 t  = 7.3 10"  ^
km , enab l ing  us to d e m o n s tra te  the  g en e ra l  b e h av io u r  of th e  m odes. The 
p e r io d s  of th e  s tr in g  m odes  and  th e  in te r n a l  m o des  a re , h o w e v e r ,  
d isp layed  in Tab le 5.1, for bo th  va lues  of the  anchor po in t se p a ra t io n
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C —  1hlA“
1.4
<3— IhEA'
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< 3~ — S  siting0.0
0.0 0.5 1.0 1.5 2.0 3.02.5
Fig. 5.1. Frequency (in units of v^^/C) vs. wavenumber (in units of C~  ^ ) for 
the various w ave modes of the plasma slab and its environment in a case when  
CgQ=l5 kms"^, v ^ q=74 kms"^, Cgg=166 kms“ ,^ and v^^=828 kms"l. The plasma 
slab is of width 2a=5000 km and is threaded by a magnetic field of strength 12G 
that is inclined at an angle 0 = 20° with the long axis of the slab. The separation 
2C betw een  the anchor points of the magnetic field lines on either side of the
slab is taken to be 7.3 10"^  km. The modes are identified as the Alfven(A) mode, 
and the slow(S) or fast(F) magnetoacoustic modes, with 'I' denoting an internal 
mode and 'E' an external mode. The string modes are denoted by a subscript 
string'. The superscript 'e' or 'k' denotes an even (for Alfven mode) mode or a 
kink mode, and the superscript o' or 's' denotes an odd mode or a sausage mode, 
according to the mode's nature in the limit kC << 1. The first letter in the name 
of a mode indicates whether it is a fundamental (f) or a first harmonic( 1 h). 
The higher harmonics are not shown in the diagram.
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T a b l e  5 . 1 .  Periods of the fundam enta l  m odes  of v ibration of the  
prominence slab wi th  2 10'^^ gcm~^, Tq^SOOO K, ^=20° L=2 10^ 
km, H==5 10^ k m  and 2a=5000 km. Two different  va lues  of the  
anchor point separation distance 2C and the magnetic f ie ld strength  
B ( = IB I ) are considered.
Nam es of The Modes
Periods
2C = L taiKj) = 
7 . 3  10"  ^ k m
B= 
5 . 0  G
B =
12.0 G
2 t  =  t e H  =
1.6 1 q 5 k m
B= 
5.0 G
B = 
12.0 G
Slow String ( S ) Mode
X ~ -------------  •
4 h r 3 h r 5 . 5  h r 5 h r
V J
String A lfven (Ag^^j^g) Mode
2%(Ca) 1 / 2  A 68 min
V Axo
34 min 2 hr 53 min
In te rn a l  Slow (f IS^) Mode
4a
CyoSin(i)
38 min 28 min 35 min 32 min
Fast String ( Fg^^^^g ) Mode 
27t(Ca)^'^^ 27E(Ca)^^^ ^A
V
29 min 16 min 46 min 20 min
=fo
J
In te rn a l  A lfven (fIA°) Mode 
f  4a A 14 min 7 min 1 4 min 7 min
V Axo
In te rn a l  Fast (flF^) Mode
4a 4 a T
Cfo
J
5 min 2 min 5 min 2 min
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distance 2 t  (and hence of the  d im ensionless w a v e n u m b e r  kC) chosen  above. 
Tab le  5.1 also d isp lays  th e  a p p ro x im a te  fo rm u la e  for th e s e  p e r io d s  (as 
d e te r m in e d  in Sect. 5.3 for th e  case kC<<1).  T hese  f o rm u l a e  p ro v id e  
co n v en ien t  o rd e r  of m agn itude  e s t im a te s  for the actua l  pe riods, shed  light 
on th e  physica l  n a tu re  of the  m odes, and allow re a so n a b le  e s t im a te s  for 
th ese  p e r io d s  for slab p a ra m e te r s  d i f fe re n t  from  those  ch o sen  h e re .  For 
c o n v e n ie n c e ,  w e  h a v e  a lso d isp la y e d  in Tab le  5.1 th e  n u m e r ic a l ly  
d e te rm in e d  periods for the  case of a w eak  m agnetic  fie ld of 5 G, again for 
the  tw o  d if fe ren t  cho ices for the  anchor po in t separa tion  distance  2D.
The re su l ts  d isp layed  in Table 5.1 for a skew ed ({))~ ^0°) m agnetic  fie ld 
m ay be co m p ared  w i th  those  found  in Chapter III for a p u re ly  t r a n s v e r s e  
fie ld ((j)=90°). In Chapter III  periods of the  order  of 1 /2 -1  h o u r  w e re  g iven  
by the  m agn e to aco us tic  s tr ing  modes. Here the  co n s id e ra tio n  of a la rg e r  
anchor po in t  s e p a ra t io n  dis tance  2D of the  prom inence slab, along w i th  a 
fac tor sinct) e v id e n t  in the  e s t im a te s  for the  slow m odes in Tab le 5.1, leads 
to a su b s ta n t ia l  increase  in the  period of such (slow) m odes w h e n  (j) = 20°, 
the  slow string  mode has a period of 3-5 hour th a t  is so m e w h a t  s im i la r  to 
th e  v e r y  long p e rio d s  o b ta in ed  for the  slow body  m odes  in th e  p u re ly  
long i tud in a l  ((]) = 0) fie ld model of C hapter II (see Tab le 2.1). S im ilarly , the  
in te rn a l  slow m ode h e re  has a period  of about 1 /2  hour, c o m p a red  w ith  
som e 10 m inu tes  in the  t r a n s v e rse  case of Chapter III. The A lfven  m odes, 
ignored  in C hap ter I II  because  of the  tw o -d im ensio na l s i tu a tion  discussed  
th e re ,  h e re  p ro v id e  b o th  long and in te rm e d ia te  pe riods. P e r iods  of th e  
o rd e r  of 1 /2 -2  h o u r  a re  assoc ia ted  w ith  the  string  A lfven  (Ag^^j^g) m ode 
(as w e l l  as th e  fa s t  (Fg^^^^g) s tr ing  m ode in a w e a k  m a g n e tic  f ie ld), 
w h e re a s  th e  in te rn a l  A lfven  (fIA°) mode produces pe rio ds  of ab o u t 7 -1 4  
min.
We end  th is  d iscussion w i th  a b rie f  comparison of th e  re s u l t s  of Tab le  
5.1 w i th  the  o b se rv a t io n s  of p rom inence  oscillations su m m arize d  e a r l ie r  in 
Tab les 1.2a, b, c in Section 1.2.3 of C hapter I. The s im p lic ity  of o u r  basic  
slab m ode l  p rec lu d es  a v e ry  detailed com parison  w i th  th e  o b se rv a t io n s .  
For th a t  w e  m u s t  aw a it  the  d e v e lo p m e n t  of osc i lla t ion ca lcu la t ion s  for 
more rea l is tic  equ i l ib ria , as w e l l  as more de ta iled  o b se rv a t io n a l  s tu d ies  of 
p rom in ence  oscillations. N onethe less, the  simp le mode l in v es tig a ted  h e re  is 
expec ted  to p rov ide  a guide to the  c lasses of m odes to be ex p ec ted  and a 
reasonab le  e s t im a te  of th e ir  periods. As w as noted ea r l ie r  in  C hap ter IV, a 
com parison  of the  re su l ts  of Chapter III  for a p rom inence  slab in a p u re ly
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t r a n s v e r s e  fie ld w i th  the  resu l ts  ob ta ined  by  Oliver e t  al. (1992a, b, 1993a) 
and  J o a r d e r  and  R oberts  ( 1993a) for s im p le  g ra v i ta t io n a l  m ode ls  of 
p rom inences  su p p o rts  such a view .
P e r io d s  in th e  ran g e  4 0 -9 0  m in d e te c ted  in p ro m in e n c e s  (see  Tab le  
1.2(a)) m ay  be a re f lec tio n  of the  s tr ing  A lfven mode, w i th  a period  of 
ab o u t  50 m in in a 12G fie ld anchored  at some C -78 ,500  km  and sca ling
d irec t ly  w i th  ' \[ t  and in v e rse ly  w i th  fie ld s t re n g th  (Tab le 5.1). The s tring  
A lfven m ode has ve loc ity  p e r tu rb a t io n s  th a t  are apprec iab le  in the  v e r t ica l  
(z) direc tion , so such m odes shou ld in p rincip le  also be d e te c te d  in disk  
o b se rv a t io n s  of f i lam en ts .  I n te rm e d ia te  periodic it ies  in  th e  ra n g e  8 -2 0  
m in u te s  h a v e  b e e n  d e te c ted  in p ro m in en ces  (cf. Tab le  1.2(b)) and  m ay  
h e re  be assoc ia ted  w ith  the  in te rn a l  A lfven mode or the  fa s t  s tr ing  mode. 
The p e r io d s  of b o th  th e s e  m odes sca les (rough ly )  in v e r s e ly  w i th  f ie ld -
s tre n g th ,  th e  fa s t  s tr ing  mode also scaling d irec t ly  w i th  a/ d  ^ We m ay  of 
course  note th a t  in the  case of a w eak  m agnetic field (of s t re n g th  5 G, say), 
th e  fa s t  s tr ing  m ode p re se n ts  a r a th e r  long period ic ity  of a b o u t  50 min, 
w h ich  is s im i la r  to th e  o b se rv ed  long period oscillations in p rom in en ces . 
F ina lly , w e  n o te  th a t  th e  sh o r t  p e rio d s  of 2-5  m in u te s  r e p o r te d  in 
p ro m in e n ce s  (cf. Tab le 1.2(c), C hapter I) m ay he re  be  assoc ia ted  w ith  an 
in te r n a l  f a s t  m ode, w h ich  p ro d u ce s  a period  of 2 m in  in a 12G fie ld  
increasing  to 5 min in a 5 G fie ld (Table 5.1).
T hese  s im p le  co m p a riso n s  of o b se rv e d  periods and  th o se  ca lcu la ted  
fro m  our  slab m ode l  o ffer  c o n s id e rab le  e n c o u ra g e m e n t  fo r  th e  f u r t h e r  
d e v e lo p m e n t  of p rom inence  oscillation studies, bo th  th eo re tic a l  (p e rh a p s  
by  con s ide r ing  m ore soph is t ica ted  equ i l ib ria )  and o b se rv a t io n a l  (p e rh a p s  
by  m ak ing  d e ta i le d  s tu d ie s  of m an y  p ro m in en ces , so as to le a rn  how  
periods v a ry  w ith  p rom inen ce  p a ra m e te rs ) .  The e le m e n ta ry  m ode l  and  its 
m odes of oscillations th a t  w e have  exp lored  will hope fu l ly  p ro v id e  some 
guidance  in such fu tu re  deve lopm ents .
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Chapter VI 
Concluding remarks
Recent observations of velocity oscillations in quiescent solar prominences 
aie increasing ly revealing a complex array of oscillatory motions. These 
oscillations can broadly be classified into three major groups according to 
their periods. These groups are: long period oscillations with periodicities 
in the range 1/2-2 hours, intermediate periodicities in the range 8-20 
minutes, and short periodicities of about 2-5 minutes; see Section 1.2.3, 
Chapter I for a summary of observational resu lts  on prom inence 
osc i lla t ions . A part from  this c lass if ica tion of osc i l la tory  periods, 
observations of prominence oscillations are yet to arrive at any definite 
conclusions regarding the other important physical properties o f these 
oscillatory motions, such as their polarizations, their wavelengths or the 
phase coherence lengths and phase coherence times of these ve loc ity 
oscillations in prominences.
As an aid to observational attempts to understand the nature of 
prom inence oscillations, we here carried out a systematic theoretica l 
investigation of the basic physical nature of the oscillatory modes that 
might be present in solar quiescent prominences. We view this thesis as a 
first step towards the development of theoretical models of the various 
oscillatory motions observed in solar prominences, a development that is 
g ro u n d e d  in  te rm s  o f the  fu n d a m e n ta l s  o f  the  g lo b a l  
magnetohydrodynam ic modes of oscillation open to a prominence. To 
develop such models, it has been necessary to ignore several important 
factors, such as the role of prominence fine structure, the effect of non- 
adiabaticity on the modes, their non-dissipative damping or the non-linear 
development of the modes, etc. It is possible that the highly intermittent, 
tim e-dependent nature of some of these oscillations or their localized 
behaviour, as have been suggested by several observations (see Section 
1.2.3, Chapter I), may be attributed to some of these factors ignored in this 
thesis.
To find out the basic physical ingredients that must go together to 
determ ine the periods of oscillation in prominences, it is how ever 
necessary that we begin with some simple equilibrium models to represent 
the quiesecnt prominences. The approach we considered in this thesis is in 
fact the same as was considered by Kleczek and Kuperus (1969) in their
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deve lopm ent of a theoretica l model of flare induced oscillations in 
prominences in terms of the leaky hydromagnetic wavemodes excited in a 
prominence-coronal system; see Section 1.4.2 in Chapter I and Section 2,5 
in Chapter II. Kleczek and Kuperus approximated a quiescent prominence 
as a thin plasma slab embedded in a purely longitudinal coronal magnetic 
field. This model was also the starting point of our theoretical discussions 
on prominence oscillations in this thesis. In Chapter II, we examined the 
K leczek and Kuperus model in somewhat greater detail, taking explicitly 
into consideration the effect of the coronal environment of the prominence 
plasma on the modes of oscillation of the prominence slab. Unlike Kleczek 
and K uperus  (1969), who em phasized  the ro le  o f the leaky  
magnetoacoustic modes of the prominence slab, we placed emphasis on the 
internal normal modes of the model prominence, as such normal modes 
seem to be of much greater relevance in the context of the oscillatory 
motions observed recently in quiescent prominences.
A serious drawback of the model calculations in Kleczek and Kuperus 
(1969) and in Chapter II of this thesis was the assumption of a purely 
long itudina l magnetic field in prominences. Almost all the equilibrium 
models of prominences (Section 1.1.3 in Chapter I) assume the prominence 
to reside in a coronal magnetic arcade that threads the prominence plasma 
transversely, thus producing a weak transverse magnetic field component 
in prominences. The foot-points of this magnetic arcade are supposed to be 
anchored tightly in the dense photosphere, thus producing a photospheric 
line-tying effect (Section 1.4.3, Chapter I). Indirect evidence for the 
existence of such a magnetic arcade can perhaps be obtained from the fact 
that the prom inences are always seen to reside over a neutra l line 
separating opposite, line-of-sight, magnetic polarities in the photosphere 
(Section 1.1.1, Chapter I). The introduction of such arcades is necessary in 
theoretical prominence models, in order to explain the necessary support 
of the prominence p lasma against gravity (see Fig. 1.4). The arcades 
themselves are of course not seen, probably because of the fact that they 
are filled with very low density plasma that has little emissivity, and 
therefore, tend not to be visible in observations (eg. Priest, 1990).
In Chapter III, we have attempted to examine the effect of such an 
arcade magnetic field on the modes of oscillation of a prominence. We 
there confined ourselves to a two dimensional geometry, ignoring the 
dom inant long itudina l component of the magnetic field threading the 
prominence. This simplification allowed us to compare our results obtained
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in Chapter III to the oscillatory modes in some of the simple magnetostatic 
equilibrium  models of quiescent prominences. Such comparisons were 
drawn in Chapter IV.
The non-gravitational, two dimensional slab model of Chapter III 
suffers from a major shortcoming, in that it ignores the curvature of the 
magnetic fie ld lines in a coronal arcade threading the prom inence, 
approx im ating the arcade field as a p laner, uniform m agnetic field 
anchored at rigid walls on either side of the prom inence slab (thus 
simu lating the photospheric line-tying effect on the fie ld-lines). This 
assumption simplifies the problem considerably. Moreover, it is expected 
to give the approximate periods of the global oscillations of the prominence 
residing in a two-dimensional coronal arcade. We may, however, note that 
in a more realistic arcade geometry with curvature, we should in principle 
obtain slow continuum (cf. Goossens et al. 1984, 1985; see also Oliver et al. 
1993b), instead of the discrete slow magnetoacoustic normal modes 
obtained in Chapter III. (The existence of the Alfven continuum can be 
ignored in the two dimensional geometry considered in Chapter III.) Such 
continuous spectra arise as the magnetic field-lines of differing lengths 
oscillate with different acoustic frequencies. The presence of such a slow 
continuum wou ld generally suggest a resonant damping of the global 
(collective) slow oscillations of the two dimensional structure (cf. 1.3.1, 
Chapter I), that are expected to be excited by any impulsive disturbances 
imposed on the system. The behaviour of these collective oscillations are, 
however, very likely to mimic the behaviour of the normal modes of 
oscillation that are obtained in calculations with a plane parallel geometry; 
see Lee and Roberts, (1986), Davila (1987), Hollweg (1987), Grossmann and 
Smith (1988), Hollweg and Yang (1988), and Cally (1991) for illuminating 
discussions of such resonant processes that excite continuum  modes 
through the damping of the global oscillations in large scale solar coronal 
s tru c tu re s .
The most important feature of the model calculations presented in 
Chapter III is perhaps the discovery of the magnetoacoustic (slow and fast) 
string modes that are similar to the fundamental v ibrations of a mass- 
loaded stretched string that is clamped at its edges (cf. Rayleigh, 1877; 
Lamb, 1910). The importance of such modes in the context of the observed 
long period oscillations in prominences was pointed out earlier by Roberts 
(1991c; see Section 1.4.3 in Chapter I) and Joarder and Roberts (1992b, c). 
Such string modes owe their existence to the photospheric line-tying of
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the field lines and consist of waves that are reflected off the photospheric
boundaries. In Chapter III, we showed that in a prominence-like situation,
the periods of such magnetoacoustic string modes are (to a reasonab le
approximation) given by the formula
% « 2k -  , (6.1)
with 2 t being the photospheric anchor point separation distance, and 2a 
being the width of the prominence. In Eq. (6.1), the physical speed c is a 
magnetoacoustic (slow or fast) speed in prominences.
Apart from such string modes, we also obtained magnetoacoustic 
internal modes in our simple slab model (Chapter III). Such internal modes 
consist of waves that are trapped within the prominence slab with their 
periods being approx im ate ly  equa l to the back and forth acoustic 
(generally for the slow-type modes) or Alfvenic (generally for the fast- 
type modes) travel-time across the width of the prominence. Such modes 
presented intermediate to short periodicities in our model calculations of 
Chapter III.
Given this simple picture of the magnetoacoustic modes in a two 
dimensional prominence slab embedded in a purely transverse magnetic 
field (Chapter III), it would be of some interest to see how these modes are 
modified in the presence of gravity. Towards this aim, we examined in 
Chapter IV the modes of oscillation of a simple, isothermal magnetostatic 
equilibrium model, namely the Menzel (1951) prom inence model. We 
found that the numerically determined periods of the m agnetoacoustic- 
gravity modes in the simple equilibrium model of Menzel are close to the 
periods of the magnetoacoustic modes that are present in an uniform, non- 
gravitational, magnetic plasma, thus showing that an order of magnitude 
estimate of the periods of the fundamental vibrations of a prominence-like 
equilibrium may be given by the simple slab model of Chapter III. This 
suggestion has also been supported by a recent investigation by O liver et 
al. (1993a), who considered the modes of oscillation of a generalized 
Kippenhahn-Sch luter-type equlibrium model that is obtained by ignoring 
the non-adiabatic effects in the Poland and Anzer (1971) prom inence 
model. This model introduces a temperature and density discontinuity in 
the classical K ippenhahn-Schluter (1957) solution for the internal structure 
of a prominence (cf. Section 4.6.1 in Chapter IV), thus allowing for a hotter,
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rarer coronal plasma surrounding the prominence slab. In Chapter IV 
(Section 4.6), we described the work of Oliver et al. (1993a) in some detail, 
show ing that the periods obtained in their numerical investigation of the 
two-tem perature Kippenhahn-Sch luter prominence model can readily be 
interpreted in terms of the periods of oscillation of a two-dimensional 
simple slab model of a prominence threaded by a pure ly transverse 
magnetic field, as determined in Chapter III.
The discussion presented in Chapter IV suggested that the periods of 
vibration of a prominence slab is principally determined by the strength of 
the tem perature and density discontinuities at the p rom inence-corona 
interfaces; the magnetic field strength in the prominence; and by the 
photospheric line-tying effect. Gravitational stratification and fie ld-line 
curvature play only subsidiary roles.
A word of caution should, however, be added, as the prominence 
models we examined in Chapter IV to arrive at this conclusion are, in fact, 
too simple to represent the extremely comp licated situation that may 
actually be present in solar quiescent prominences. Both the Menzel (1951) 
equilibrium  model and the non-isotherma l K ippenhahn-Sch luter (1957) 
prominence model ignore a realistic curvature of the magnetic arcade that 
may exist in the external, coronal part of the field-lines. Such models thus 
neglect or fail to fully represent the possibility of the existence of the slow 
continuum. Moreover, the artificial boundary conditions introduced in 
M enze l’s (1951) equilibrium , and the simp lifying assum ption of an 
infinitely large prominence height (see Section 4.6 in Chapter IV) in the 
Kippenhahn-Schliiter (1957)-type models, both rule out the possibility of 
the occurrence of a m agnetic Ray le igh-Tay lor type instab i l ity  (cf. 
Newcomb, 1961; Parker, 1966; Hughes and Proctor (1988); see also Gilman, 
1970; Zweibel, 1981; Hood, 1986a, b; De Bruy ne and Hood, 1989 for various 
forms of this instability) that may arise due to an unstable stratification of 
the plasma that is partially supported against gravity by a magnetic field. 
In fact, recent investigations of De Bruyne (1991) show that even the most 
realistic prominence equilibria may turn out to be unstable when a linear 
stability analysis is carried out, thus indicating that in future oscillation 
calculations with more realistic prominence models, we may have to take 
into account both the possibilities of the existence of continuous spectra 
and also the problem of stabilization of the prominence models against the 
magnetic Ray le igh-Tay lor instability. Such considerations may comp licate 
the simple pictures drawn in Chapter IV to a considerable extent.
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It should also be noted that in our investigation of the gravitational 
prominence models in Chapter IV we do not obtain a mode that possesses 
the distinctive features of a purely gravitational oscillation, such as the 
ones predicted by Hyder (1966) and also Roberts (1991c) in simp ler 
models of prominences; see Section 1.4.2, Chapter I. Such oscillations are 
expected to be present in a stable magnetostatic prominence model, but 
are perhaps not easily identifiab le in a purely numerical study of the 
behaviour of the modes, as was done in Chapter IV. This indicates that 
along with the numerical study of sophisticated prominence equilibria it is 
also necessary to obtain some analytical guidance regarding the detailed 
b e h a v io u r  o f  the  m ag n e to  a c o u s t ic -g ra v i ty  m od es  in  s im p le ,  
magnetohydrostatic configurations, if we are to clearly understand the 
complicated nature of the oscillatory modes in prominences.
The simplified assumption we considered in our calculations to take 
the finite dimensions of a prominence slab into account may also be open 
to some criticism. The prominence width is observed to be much shorter 
than the length or the height of a prominence (see Section 1.1.2 in Chapter 
I). This led us to assume plane wave-like behaviour of the perturbations in 
these two directions, thus retaining a true inhomogeneity only across the 
width of the model prominence. This may not be a major drawback of the 
theory, as both the length and the height of a large quiescent prominence 
are comparable to the coronal scale-height (typically of the order of 10^ 
km). It is therefore not too unrealistic to impose periodic boundary 
conditions on the perturbations in these two directions, as is generally 
done in the normal mode analysis of certain classical vibrating systems, 
such as in the case of the modes of vibration of a rectangular elastic 
membrane; see, for example, Rayle igh (1877). In any case, such an 
application of the periodic boundary conditions, to take the finite length 
and the height of the prominence slab into account, a llowed us to 
formulate the problem of prominence oscillations in a simple way, and 
thus enabling us to shed some light on the simple physical nature of the 
modes. Such modelling is hopefully of use also in a numerical study of 
com p l ica ted , coup led partia l  differentia l  equations rep resen ting  the 
perturbations, and in studies with more realistic boundary conditions at 
the edges of a prominence.
A more fundam enta l  question may be raised regard ing  our 
representing the prominence as a plasma slab in a line-tied magnetic field. 
Such a representation seems to be appropriate for the direct-polarity,
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Kippenhahn-Sch luter (1957)-type prominences (see Fig. 1.1(a) in Chapter 
I). Our model is, therefore, expected to provide useful information about 
the periods of oscillation of such prominences. In the case of the direct- 
polarity prominences, the magnetic field within the prominence is directly 
connected to the photosphere and hence the effect of line-tying boundary 
conditions on the modes of oscillation of such a prominence must be 
important. The magnetic topology in an inverse-polarity, Kuperus-Raadu 
(1974)-type prominence (Fig. 1.1(b) in Chapter I) is, however, more subtle. 
There, the magnetic field within the prominence-slab does not seem to be 
connected directly to the photosphere in any obvious way, and therefore it 
is difficult to assess the importance of the line-tying boundary conditions 
in such prominences. On the other hand, the slab modes in a purely 
longitudinal magnetic field configuration (Chapter II) also seem to be too 
simplistic a model to represent, even approximately, the oscillations in 
inverse-polarity prominences. Further developments of the giant flux-tube 
model (Fig. 1.1(c)) may perhaps resolve this conceptual difficulty, provided 
they can successfu lly incorporate the internal fie ld structure of the 
prominence slab residing in the flux-tube. Even then, to find some simple 
analytical guidance to the modes would be difficult, if not impossible, in 
such a case and therefore one may have to resort to a complete numerical 
approach for the inverse-polarity prominences.
Turning back now to our basic goal in this thesis, which is to 
determine the fundamental MHD modes of oscillation of a prominence slab 
in a line-tied, coronal magnetic arcade, it is evidently necessary that we 
improve the model calculations of Chapter III by incorporating a more 
realistic magnetic field configuration, even within the framework of our 
idea lized non-grav itating, plane-para llel geometry for a prominence and 
its magnetic field. In Chapter V, we presented the results of such an 
investigation of the MHD modes of a prominence slab embedded in a 
skewed magnetic field, that makes a small angle (of approximately 20°) 
w ith the long axis of the prom inence (Fig. 1.5, Chapter I). This 
representation of prominences is, in fact, consistent with the magnetic field 
geometry observed in solar quiescent prominences; cf. Section 1.1.2 in 
Chapter I.
In Chapter V we found that the introduction o f a dom inant 
longitudinal component of the magnetic field somewhat alters the nature 
and the periods of the (slow and fast) magnetoacoustic (both internal and 
string) modes that were found in the calculations in Chapter III for a
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pure ly  transverse  m agnetic  fie ld. Due to their h igh ly  an isotrop ic  
p ropagat ion charac teristics  (cf. Tab le  1.3 in Chapter I), the slow 
magnetoacoustic modes are particu larly sensitive to the direction of the 
magnetic field. Accordingly, we obtained considerably longer periodicities 
for the slow magnetoacoustic modes in Chapter V than that were obtained 
for these modes in the purely transverse field case of Chapter III, with the 
slow string mode presenting a periodicity of about 3-5 hours in a skewed 
field. Such long periodicities have not so far been detected in the 
observations of prominence oscillations; see Section 1.2.3 in Chapter I.
In addition to the (slow and fast) magnetoacoustic modes, we also 
obtained two fundam enta l  A lfven modes, name ly the String A lfven 
(Astring) mode and the internal Alfven (fIA°) mode in the situation of a 
slab with a skewed magnetic field (Chapter V). These Alfven modes were 
absent in Chapter III because of the two-dimensional geometry considered 
there. Similar to the magnetoacoustic string modes, the string Alfven mode 
is also analogous to the fundamental vibration of a mass loaded stretched 
string, with a periodicity given approx imately by Eq. (6.1) with c now 
rep laced by an A lfven speed determ ined sole ly by the transverse  
component of the magnetic field (B^g); see Table 5.1 in Chapter V. This
mode perhaps corresponds to the long period oscillations (Tab le 1.2a, 
Chapter I) observed in quiescent prominences. The periods of the other 
modes (except the slow string mode discussioned above) are also 
consistent with the observed periodicities in prominence oscillations; see 
Table 5.1.
It may be noted that the classification of the slab modes that we 
have described in this thesis are all derived from  the asym ptotic  
behaviour of the modes in their long wavelength extreme-see discussions 
in Section 5.3, Chapter V. There, we found that in the limit of long 
wavelength and also for extreme ly small angle of inclination <t> of the 
magnetic field vector with the axis of the slab, the Alfven modes have a 
predominant polarization in the vertical (z) direction, whereas the velocity 
perturbations pertaining to the fast and the slow magnetoacoustic modes 
are predominantly in directions along (y-direction) and across (x-direction) 
the axis of the slab, respectively. We may note, however, that such a 
simple picture regarding the velocity eigenfunctions pertaining to different 
fundamental modes of the prominence slab may be modified appreciably 
due to the strong coup ling between the modes for param eter values 
re levan t to the s ituation observed in qu iescen t p rom inences (see
1 4 0
discussions in Section 5.4). The degree and the nature of such modal 
coupling is, of course, dependent on the detailed nature of the equilibrium 
considered, and therefore any conclusion regarding the detailed nature of 
these eigenfunctions that may be drawn from simple slab models, may not 
be of much use in the context o f the actual observations of prominence 
oscillations. For the most part o f our thesis, then, we have therefore 
confined ourselves mainly to a discussion of the periods of the modes 
together with the scaling laws that they approx imate ly follow. These 
features are expected to be relatively insensitive to the detailed nature of 
the mode coupling and on the details of the various equilibrium models 
used to represent the prominences.
Our calculations in Chapter V, with the slab model of a prominence, 
have presented periodicities in the range 2 minutes to a few hours. It may, 
however, be of interest to note that, apart from such periodicities noted in 
Table 1.2, observations of prominence oscillations have recently confirmed 
the existence of very short periodicities of about 30 seconds in some 
prominences (Balthasar et al. 1993). Such periodicities, of the order of a 
few tens of seconds or even shorter, may perhaps be associated with the 
observed field-aligned fibril structures (cf. Section 1.1.2, Chapter I) in 
qu iescen t p rom inences, that may possib ly  arise due to a p lasm a 
inhomogeneity, rather than an inhomogeneity in the magnetic field in 
prominences (Tandberg-Hanssen, 1970; Leroy, 1985; N ikolsky et al., 1985; 
Leroy, 1989). To examine the oscillations that may be sustained in such 
fibril structures of the quiescent filam ents, we may draw on the 
investigations by Edwin and Roberts (1983) and Roberts et al. (1984) of 
the nature of magnetoson ic oscillations in a filamentary corona. These 
investigations revealed that regions of high density (and corresponding ly 
low Alfven speed) are able to support ducted fast magnetoson ic waves 
referred to as magnetic Love and magnetic Pekeris modes (see Chapter I 
for a description of such magnetosonic modes in a slab-type geometry); 
these modes are confined to the wave guide defined by the high-density, 
low Alfven speed structures. In cylindrical fibrils, the fundamental of the 
magnetic Pekeris modes present a period of the order (Roberts et al., 1984)
P  ^ 2.6R
^fibril V A ’ ( ) ^Afibril
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where R is the radial structure within the prominence and is the
Alfven-speed within the fibril. W ith R« 100-1000 km ( cf. Section 1.1.2 in
Table 6.1. The nature of the fundamenta l MHD modes that may be 
responsible fo r  the observed oscillations in quiescent prominences.____
O bserved
osc i lla tory
p e r io d s
-2 hr
8-20 min
2-5 min
< 1 min
Names of the 
MHD modes
String A lfven 
m o d e
Fast string mode 
in a weak 
magnetic field?
Interna l slow 
m o d e
Interna l Alfven 
m o d e
Fast string mode 
in a moderate to 
strong magnetic 
f ie ld?
Interna l fast 
m o d e
magnetic Pekeris 
mode in 
quiescent fibrils
Theoretica l ly
e s t im a te d
p e rio d s
va XO
X » 27i (Ca) 
Cfo
1/2
4 a
c-poSincj)
4 a
^Axo
2n(ta)
Cfo
1/2
4 a
Cfo
P
^fibril
2.6R
^Afibril
Possib le
p r e d o m in a n t
ve loc ity
d irec tion s
V ertica l
T ra n sv e rse
(Horizontal)
L ong i tud ina l
(Horizontal)
V ertica l
T ra n sv e rse
(Horizontal)
T ra n sv e rse
(Horizontal)
Radial in 
cy lindrical fibrils
Chapter I) and an assumed A lfven speed of 30 kms (say) within the
Pprominence fibril, we obtain Tfjbril 8-80 s. Much shorter periodicities can 
be obtained in this way, by either increasing the A lfven speed or 
decreasing the radius of the quiescent fibrils. These considerations suggest 
to us that modes in a fibrous prominence medium are worthy of further 
theoretical study to comp lement the increasing observational interest in 
short period oscillations.
Finally, we end our discussion with a tabular summary (see Table 
6.1) of the resu lts of our theoretical investigations into the physica l
142
characteristics of the oscillations observed in quiescent prominences. The 
theoretical explanation of the oscillatory periods that we have provided 
with our simple prominence models will hopefully serve as a useful guide 
to future investigations into the nature of prominence oscillations.
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